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I. Introduction
Recent years have witnessed a tremendous surge of research on human memory, particularly as regards short-term or immediate memory.
For reviews of this research, the reader is referred to papers by Keppel
(1965), Melton (1963), Peterson (1963), Posner (1963), and Postman
(1964). Despite the rapid accumulation of factual knowledge about
short-term memory, there has not been a corresponding increase in
formal theoretical efforts to understand or explain the facts. In this
paper a modest attempt is made to begin redressing some of this imbalance of facts over theories.
A particular hypothesis concerning the formal structure of a memory
trace will be proposed. The basic idea appears reasonable, probably
commonly agreeable, and does not go much beyond conceptions regularly
used in discussions of memory by many investigators. However, the chief
concern here will be with developing the implications of this idea for a
variety of memory experiments. It turns out to have an unexpectedly
wide range of implications and, in consequence, provides a common
basis for understanding a diversity of memory phenomena. And neither
of these virtues of the idea is apparent before its implications are systematically developed. Although some new evidence will be presented
in congruence with this hypothesis, it must be admitted a t the outset
that the marshaling of evidential support on each topic discussed is not
our purpose. The purpose, rather, is to demonstrate a common theme
running throughout diverse branches of the research tree on human
memory. Such a discussion serves its function if all it does ia to focus
attention on relationships existing among diverse phenomena connected
with memory.
Perhaps it is wise to first expose our theoretical bias so that the
reader is fairly warned. We take it that the job for a theory of memory
is to specify the structures, organization, and rules of operation of a
machine (a model) that will behave in a manner that resembles or
simulates memory phenomena in important respects. The machine, of
course, need not actually be built if its behavior can be forecast by
arguments, either verbal, mathematical, or in computer programs.
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Advocates of this bias include Miller, Galanter, and Pribram (1960),
the computer-simulation theorists, and several British psychologists,
notably Broadbent (1958), Craik (1943), Crossman (1964), Deutsch
(1960), and MacKay (1956). In general, this approach represents the
model organism in terms of an array of information-processing mechanisms, each of which carries out certain elementary operations upon
information provided to it. These mechanisms, moreover, are assumed
to be organized and sequenced in a way designed to achieve certain
results. The job of constructing a completely adequate model of human
memory is vast and well beyond available capabilities for quite some
time. However, it is possible to artificially segment the over-all problem
into subproblems and then try to attack these separately. The basic
flaw guaranteed by such a separatist strategy is that the theories so
developed will of necessity be incomplete or even vague regarding those
aspects of the system not under immediate consideration. Nonetheless,
such failings may be acceptable so long as the theory better elucidates
the operation of a t least a part of the over-all system. It was with this
strategy in mind that the present paper was written.
There are many such subproblems; included among them would be
such issues as the operation of the short-term store, the transfer of
items into long-term storage, the format in which information is represented in storage, retrieval of stored material, and so on. The first two
subproblems have been discussed in papers by Atkinson and Shiffrin
(1965), Bower (1964), Broadbent (1957), and Waugh and Norman
(1965). I n those theories, items of information input for storage by the
system are treated as unitary elements that queue up in a short-term
store for processing by some central program. These theorists then
derive the consequences of assuming that the queueing system is governed by certain reasonable principles.
The subproblem to be discussed here is that regarding the format in
which information is encoded and stored in the machine. I n other words,
this paper is concerned with the possible formal structure of a memory
trace. To delimit matters further, it will be concerned with the way a
memory trace might be functionally characterized by a logician or
mathematician, rather than by a neurochemist or neurophysiologist. I n
our opinion, the past history of theories about the memory trace (see
Gomulicki, 1953) contains many hypotheses that have been unprofitably
tied to further guesses about the neurological mechanisms involved ;
and the functional hypothesis is discredited when the postulated neurology is proven incorrect, inadequate, or naive. To limit matters further,
the paper will not be concerned with the causes of forgetting. The contending views on thi-interference
versus autonomous decay-are dis-
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cussed elsewhere (Bower, 1964; Melton, 1963; Postman, 1964). For
what follows here, either view may be adopted without materially affecting the discussion. To repeat, the emphasis here is upon the formal
structure of a memory trace-what it “looks like” when it is initially
established and during the subsequent course of its disintegration.

A. PEBCEIPTION,
ENCODINQ,
AND THE MEMOBY
TBAcEl
It seem reasonable to tie the memory trace of an event to the vari-

ables operating in the perception of that event. Within this context, the
major assumption seems innocuous: i t is. supposed that the person does
not store the literal input stimulus, but rather some encoded representation of it. The representation stored is either the primary code by which
the event is recognized or a secondary code that labels the primary
code. I n either event, the representation stored is sullicient to the
degree that when it is fed into a motor-output system, salient features
of the original input event can be reconstructed and output. The general block diagram of the system is shown in Fig. 1.

STIMULUS
INPUT

PATTERNRECOONITION
MACHINE

RESPONSE
MACHINE:

STIMUWS
ANALYZERS L

I

LONWIERM
MEMORY
STORE

RESPONSE

DECODER L
DECISION-WER

I

FIQ.1. Block diagram representing the flow of information through the theoretical
ayatem. See text for explanation.

It is supposed that the stimulus is first fed into a stimulus-analyzing
mechanism, or a pattern-recognition machine. There is no need to give
a detailed account of the output from this pattern recognizer, except
to assume that it has a particular form. The development of a successful model for pattern recognition is, of course, one of the major enterprises currently in computer-simulation work. Practically all of the
more successful programs in current operation (see Nilsson, 1965 ; Uhr,
1963; Uhr, 1965) employ some variety of “attribute-value” listing to
characterize the stimulus. Many submechanisms are designed which
measure or identify the value of different properties, attributes, wholepart relationships, or features of the stimulus. In general, the term
feature counter will be used to refer to any one of these attribute-
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analyzing mechanisms. The attributes examined, how many there are,
and their possible values all depend, of course, on the program and
the population from which the input stimulus is selected and from
which it is to be differentiated. However, for present purposes, the important point is that the stimulus is represented in coded form as an
ordered list of attributes with their corresponding values. This listing
will be called the primurg code. From this point on, the various recognition programs diverge in how this list is used to decide what to call
the stimulus;here various principles may enter, such as template matching, discriminant-function analysis , parallel processing with differential
weighting of the several features, and the like.
Let us suppose that the primary code may elicit an identifying label
and, if so, that this label is fed into the short-term store. If it is subvocalized, the subvocalization constitutes a feedback stimulus that is
itself represented in coded form as a list of vocal features (that is, as
a list of auditory or phonetic sound features, or as the movements of
the speech musculature involved in vocalizing the label). This will be
called the secondary code of the input stimulus. It consists of a small
“program” which, when fed to the motor-output machine, suffices for
the speech apparatus to output a verbal label for the stimulus.
It is supposed that what is stored in memory is either the primary
code, the secondary code, or both. That is, a memory trace will be
represented as an ordered list of attributes with their corresponding
values. It will also be referred to as a vector of N ordered components.
Perhaps a word of explanation is required for the primary-secondary
code distinction and the equivocation about which of the two is stored.
The primary-secondary distinction parallels roughly that between filtered sense data and meaning. The property list stored may not be
the stimulus as analyzed by the feature counters, but as described or
labeled by the vocal subject. Various experimental results, including
those on semantic and synonymic confusion in recall of visually presented
information, incline one to this view. Perhaps the strongest evidence
comes from the experiments of Conrad (1964) and others suggesting
that the human short-term memory system operates in terms of either
auditory- or phonetic-feature coding of visually presented verbal materials.
Because of the importance of Conrad’s results, they will be described
in more detail. Two experiments, one on perceptual recognition and one
on memory, were done by Conrad. In the recognition experiment, single
letters of the English alphabet were spoken over a noisy channel and
the listener indicated the letter he thought he heard. The results were
arrayed in a confusion matrix with entries indicating how frequently a
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given letter sent was misidentified as some other letter. I n the memory
experiment, 8s were presented with strings of six letters presented
viSwllly at a rate slow enough to be read distinctly. They then attempted immediate recall of the letters in the order presented. Analyzing those cases in which only one error occurred, Conrad derived a
recall confusion matrix, indicating how frequently each letter was misrecalled as some other letter. The important point was that the confusion
matrices of the two experiments were in substantial agreement. The
pattern of confusion errors in recall were substantially like those occurring when the letter sounds were being identified from a noisy
auditory channel. The fact that recall confusions of visually presented
letters tended to follow the similarities of their auditory (rather than
visual) representations suggests that Ss were subvocalizing the letters
and storing this auditory code. In terms of the earlier distinction, the
auditory or phonetic pattern is the secondary code, whereas the output
of analyzing the graphemic (visual) letters is the primary code. In this
case, the secondary code is clearly what is stored and it controls the
recall. For other stimulus populations, however, the primary code may
be stored and control recall. For our purposes here, which are admittedly
abstract, it makes little difference which code is stored, so long as the
items in a particular experiment are encoded and stored in roughly the
same way. For particular conditions it will be supposed simply that
each item for storage is represented as a vector of N components,
where the same attributes or features are used to encode each item.
We will let X 4 denote the vector for item i and xi4 denote the value
of the jth component of X,. For purposes of simplicity in what follows, it will be assumed that the number of possible values of each
component is v, the same for each attribute.

B. RETRIEVAL
IN RECALL
Since we are interested in what this representation implies about
recall, we must first specify something about how a given memory trace
is retrieved to then guide recall. Generally speaking, recall tests can
be classified as either “cued” or “free” recall. In the former case, an
explicit cue is either provided (e.g., the stimulus member of a pairedassociate item) or is inherent in the serial nature of the task (e.g.,
ordinal position in a digit-span test) ; in the latter case, a cue is neither
explicitly provided nor can one be easily imagined (e.g., free verbal
recall). Presumably in the latter case retrieval is controlled by searching along some temporal dimension of the memory traces and effectively
pulling out those items that have occurred “recently” in the past (see
Yntema & Trask, 1963).
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Since we do not wish to be sidetracked here in specifying an elaborate
model for retrieval, we will accordingly restrict ourselves to cued recall
experiments where the different cues are distinct. Paired-associates
learning with well-differentiated stimuli is the obvious prototype. It
is assumed that when a pair A-B is shown for study, S stores a compound
vector, denoted (CA, CB), consisting of encoded information about A
and about B. It is further assumed that upon the later test with A
alone, this input, encoded as CA, is matched successively to the various
traces, obtaining the maximum match to the trace (CA, CB). Thus the
trace (CA, CB) is retrieved, and the response output will be guided
by the vector CB. The main concern is with the forgetting of CB, the
response information; retrieval difEculties caused by such factors as
loss of stimulus information will be ignored in what follows. In a strict
sense, the model presented here applies only to experiments in which
such retrieval difliculties are minimized. Since it will be assumed that
the stimulus retention and retrieval operate perfectly, the state of the
system will be characterized in terms of the state of CB, the vector
of response information retrieved on a test trial. At the end of the
paper some more complicated retrieval schemes will be considered.

11. Forgetting of Component Information
A. GENERAL
EFFECTS
OF FORGETTING
Assuming that CB is stored as B vector of information components,
then forgetting (from whatever cause) would consist in the blurring,
erasure, or change in value of some of the components of the initial
vector. As forgetting proceeds and the trace is further degraded,
it conveys less and less information about the initiating event B. For
simplicity, it is assumed that the loss of the original information in any
one component of the vector is an all-or-nothing event. However, since
the vector will usually consist of many components, the loss of information in the over-all trace of CB will appear more or less gradual.
I n recall, the degraded trace of CB is retrieved and given to the
motor-output unit. This unit uses the information in the degraded trace
either to construct or to “locate” and generate a response. If the value
of a given component of the trace has been erased (for example, replaced effectively by a question mark), then the output unit lacks a
command concerning the value to use there. Assume that it randomly
assigns one of the possible values for that component, thus showing
complete equivocation regarding responses that differ only in that feature.
One outcome of such a model is that it will show a restricted range
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of confusion errors in recall,. Events that are encoded similarly, with
few distinguishing features, will be readily confused in recall. The
range or “bandwidth” of the confusion errors in recall will increase
directly with the number of components forgotten from the original
trace. A few seconds after some input event S’s response will convey
nearly all the information about the event that has been extracted by
his stimulus analyzers; but as the trace is degraded over time, less and
less information about the original event is transmitted by the response.
In everyday terms, it would be said that S retains the general gist of the
event for some time but that he becomes more and more vague or inaccurate about the exact details of it. The trace system is functioning
here in the same way that Bartlett (1932) suggested in his “schemata”
concepts.

B. THEOmm

IN

WHICHCOMPONENTS
Am FORQOTIEN

There are two theoretical decisions that must be made about the
forgetting of components, and depending on these decisions one of four
different variants of the model is obtained. One decision concerns
whether the components are forgotten in a strict hierarchial order,
from most detailed to most general information, or whether they are
forgotten independently regardless of their possible location in a hierarchy of importance. The other decision concerns whether a forgotten
value of a component is replaced by a null (guessing) state or is replaced by some other value selected a t random.
1. Hierarchial Loss of Components

The hierarchial-loss idea presupposes that the N components of the
vector can be strictly ordered in “importance” or specificity of the information conveyed. It roughly corresponds to the information structure
utilized by a sorting tree or serial processing system. Figure 2 illustrates a sorting tree for vectors consisting of three binary components. It will correctly partition only 28 patterns. A tree of N nodes
each with V branches could correctly partition V N patterns. If S were
to partition the response ensemble in this manner, with the first (top)
node conveying the most important information and the last (bottom)
node the least important, then it is further reasonable to assume that
retention of a component would vary directly with its importance to
him. Thus, the last component would be forgotten first, then the next to
last would be forgotten, and so on.
For purposes of calculating response probabilities a t recall, knowledge
of the probability distribution of the number of components retained
at any time t after input of the N-component vector is needed. Let
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& ( t ) denote the probability that exactly i components of the original
N are still retained at time t. To derive & ( t ) for this system requirea

an assumption about forgetting. The simplest assumption is that the
components are arrayed in a linear chain, and that after i - 1 components have been forgotten, the probability of forgetting the ith
ENTER

I S i IN :
FIRST POSITION 9

SECOND POSITION ?

THIRD P O S I T I O N ?

CLASSIFIED
( 1 1 1 ) (110)(101)
(100) ( o i l ) (010) (001) ( O O O ) C P A T T E R N

FIQ.2. A binary mrting tree with three nodes that classifies eight patterns. The
stimulus vector enters the tree at the top node and is then shunted by the left or
right branch, depending on how it answers the questions at successive nodes.

component is a constant f in each small time unit A t . This assumption
implies the following differential-difference equation
Ri(t

+ B)

=

[Ri(t)(l

- f) + Ri,(t)fl

Ai!.

Converting to differentials in dt and adding in the boundary condition
RN(O)= 1, the following system is obtained
dRi(t)
-=
at[

-fRi(Q,
f[Ri+l(t)

fR,l(t)

- Ri(t)],

I

for i = N
for 1 5 i 5 N
for i = 0.

-1

(1)

This is simple “death process” of constant intensity f. The time between
successive “deaths” is exponentially distributed, and the time until the
kth death has the Erlang (gamma) distribution. By taking successive
differences between the cumulatives of the gamma for i and i 1, the
number of components retained at time t is found to be distributed as

+

Ri(t) =

(jt)N-’e-f’

(N-91’

for i > 0.
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The absorbing state is i = 0, when all components have been forgotten.
Its probability ie given by

There are several features of this hierarchial-loss idea that are unattractive. First, the distinction between important and unimportant
infcrmation components is inexact and furzy, and we do not know how
to sharpen the distinction. If N bits are required to uniquely specify a
member of some ensemble, then all components are needed and are, in
this sense, equally important, In Fig. 2, for example, whichever bit is
forgotten (erased), the probability of correctly locating the pattern is
reduced by B multiplicative factor of H. So the probability of correct
recall is a function only of the number of bits forgotten, and is independent of their location in the hierarchial sorting tree. Second, to use
this scheme a t all, one is forced to assume a particular forgetting
process (such as the Poisson process described earlier) and the entire
scheme may mispredict data because the particular forgetting process
assumed is incorrect. The alternate scheme, considered in the following section, separates the model of the trace and the law describing
forgetting, and thus has the advantage of allocating separate responsibility for mispredictions. Finally, the equations for Rc(t ) derived from
even the simplest forgetting assumptions (Eqs.2a,b) are relatively intractable. And since the aim is to apply the general trace model t o a
variety of situations, the intractability of the hierarchial-loss scheme
thwarts that aim. These difficulties do not appear in the alternate
scheme, which will now be discussed.
2. Independent Loss of Components

According to the independence scheme, all N information components
are equally important and show equal resistance to forgetting. Roughly
speaking, this is the information structure appropriate for a classifying
system that operates by parallel (rather than serial) processing of
information. For immediate purposes, the important point is that component bits of information are forgotten independently and a t the
same rate. For any particular amount of interpolated material or
length of retention interval of time t, r ( t ) is defined as the probability
that the value of any single component of the trace has been retained,
and 1 - r ( t ) as the probability that it has been forgotten. Since the
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total number correctly retained, R, is the sum of N independent component-retention variables, it has the binomial distribution given by

P(R = i) =

();

r(t)’(l - r(t))N-’,

(3)

with mean N r ( t ) and variance N r ( t ) (1 - r ( t )). One advantage of
this scheme is that no particular assumptions about r ( t ) need be
adopted. Also, Eq. 3 is particularly simple t o work with in later derivations.

C. INTEBPBETATIONS
OF COMPONENT
FOBGETTING
The other theoretical decision regards the interpretation of a component’s value after the initial value has been forgotten. According to
one view, when the original value of a trace component is forgotten,
it reverts to a null state (effectively a blank or question mark). According to the alternate view, forgetting consists in the replacement of
the original value of the component by some incorrect, nonnull value.
The first assumption can lead to iifuazy” memories regarded by S with
low confidence as to their accuracy; the second assumption will lead to
clear but inaccurate memories. On recall, when a null state is encountered, the motor-output unit chooses a t random (guesses) among the
v possible values a t that position in constructing or locating a response.
According to the random-replacement view, however, the motor unit
never has to guess; it has been tricked by its memory into believing
that all components are known.
It is not clear that one of these interpretations will always be more
appropriate than the other; on some occasions the first interpretation
would seem warranted, and on other occasions, the second. The nullstate interpretation corresponds roughly to the decay notion of forgetting and the replacement interpretation to the interference notion;
but these are intuitive, not exact, identifications. I n what follows, the
null-state interpretation of forgetting will be primarily used. This is
preferred because it provides a more natural interpretation of confidence ratings of remembered material, and of a possible threshold for
recall.
It may be noted that for some purposes, the two interpretations lead
to isomorphic prediction equations (for example, for probability of correct recall). However, their implications for performance on recognition
tests of memory are different, and it is not yet clear which equations
would be more accurate in describing the data. For this reason, in the
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discussion of recognition memory, predictive equations for both interpretations will be developed.

D. THBRECALLFUNCTION
Consider the probability of a correct recall in situations in which response omissions are prohibited. This condition is easily satisfied if S
knows the response ensemble and is penalized for failing to respond.
The probability of a correct recall will be a function of the number of
components forgotten and the probability of a correct recall given that
so many components have been forgotten. For the null-state interpretation, let g = l / v denote the probability of a correct guess on a forgotten component. If i of N bits are retained (and N - i lost), the
probability that all the individual component guesses are correct is
gN-‘. For the replacement notion, if any component is changed, the
probability of a correct recall is zero.
The distribution of the number of components retained, according to
the independent-loss scheme, is the binomial given in Eq. 3. Letting
C ( t ) denote the probability of a correct recall when a test is given at
time t, the recall function is

c P(R(t)
5 ( y)
N

C(t) =
=

I- 0

I- 0

= i)P(CI

r(t){(l

R

= i),

- r(t))N-’gN-i,

(4)

+

The term r g(1- T ) is the probability that any given component is
given correctly, either because it is retained or is correctly guessed. The
probability of a totally correct recall is the likelihood that all N components are correct, which is just the factor T g(1- T ) raised to the
Nth power. If the null-state interpretation of forgetting is used, then
g = l/u. If the random replacement interpretation is used, then g = 0
in Eq. 4.

+

E. THECOMPONENT-RETENTION
FUNCTION
Although Eq. 4 may be tested independently of assumptions about
r ( t ) , it is nonetheless of interest to examine the implications for recall
of particular r ( t ) functions. Two approaches are available. On the one
hand, one can derive “rational” r ( t ) functions from more elementary
assumptions; on the other, ~ ( t may
)
be assumed to have some empirical
shape and its implications for C ( t ) in Eq. 4 may be determined.
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Since short-term memory for elementary units of experimental materials (e.g., a letter or a digit) is being considered, the r ( t ) function
should start at unity when t = 0 , decrease monotonically with time,
and end a t some asymptote (possibly 4;ero). Although the discussion
here will refer to time elapsed as the effective variable for forgetting,
it is a simple matter to interpret the equations in terms that suppose
that the effective variable is the amount of interfering material ( n )
presented between a study and test trial. For most experimental paradigms, t and n are proportional. Thus, writing retention functions in
t e r n of elapsed time involves no commitment to either an autonomous
decay or interference view of the causes of forgetting.
A simple theory of r ( t ) for the null-state interpretation would assume that transitions between the original correct value (state C) and
the null-value (state G) form a continuous-time Markov process. Suppose the transition probabilities are as given in the matrix of Eq. 5.
State at t -k At
(7
0
Stateat
time t:

I

C 1 -f
G
c

f

l-c

(5)

The structure holding the value of this component shows hysteresis with
a bias toward the value originally set by the storage operation. In other
words, the probability that the structure reverts to the null state in
A t is f; if it has reverted to its null state, then it may return to its
original (correct) state with probability c in each At. Starting in state
C at time 0 the probability that it is in state C (retained) at time t is

This gives r ( t ) as an exponential decay function of time and is the
same as the forgetting equation derived by Estes (1955) from his stimulus fluctuation theory. According to Eq. 6, r ( t ) is concave upward;
C ( t ) is also concave upward with greater concavity for larger N and
smaller a values. Figures 3a and 3b show some hypothetical curves of
C ( t ) . Those in Fig. 3a have J = .20, g = .25, a = .9, while N is varied
from 1 to 4.The curves in Fig. 3b have N = 4, g = .25,a = .9,and the
asymptote J is vaned from 0 to .9. The asymptotes of the curves decrease as N and (1 - J) increase.
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F’IG. 3. Recall function for the exponential r ( t ) function of Eq. 6. In (a), the
number of components N ia varied. In (b), the asymptote J of the componentretention function is varied.
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The r ( t ) function in Eq. 6 was based on the null-state interpretation
of forgetting. However, a similar equation can be derived for the ran-

dom-replacement interpretation. In the matrix of Eq. 5, replace the
guessing state G by an error state E, and replace c by c / v - 1. That is,
the correct value is changed with probability f in each At; if some incorrect value has been substituted, then it changes with probability c
to one of the other v - 1 values selected a t random. Starting in state C
the probability that the structure will be in state C declines exponentially to an asymptote of

If there is no bias toward holding the original value, then f = c and
J' = l / v ; that is, a t asymptote the value of the component is random
relative to its initial value. For c f, suitable choice of parameters of
this replacement scheme will lead t o curves identical to those in Figs.

+

3a and 3b.
The recall curves derived from exponential r ( t ) functions may be
compared to those from linear r ( t ) functions to note their similarities.
A linear r ( t ) function descending from 1 a t rate a to an asymptote of b
would have the corresponding recall function

C(t) =

[ l - (1 - g)ut]N,

[b +9(1

- b>lN,

f o rt

I-b
IU

for t

1 -1. -ab

For N > 1, successive derivatives of this C ( t ) function alternate in
sign, so the curves have the same concave-upward shape as does the
exponential function. For visual comparison to Fig. 3, some hypothetical
curves based on the linear r ( t ) function are shown in Fig. 4 for the
parameters N = 4 and g = .25. For one set of curves, the asymptote b
is zero and the decay rate a is varied; for the other set with a = .04,
the asymptote b is varied. When b is large, the recall function is twolimbed-describing the descent and the plateau. When b is small, the
curves look similar to those in Fig. 3 for the exponential r ( t ) function
with small J. Thus, when C ( t ) has a low asymptote and N is unknown,
it would be difficult to discriminate between a linear and an exponential
r ( t ) function. If N is known, then r ( t ) can be estimated directly from
C ( t ) and its descriptive law thus determined.
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111. New Experiments on Recall

A. EXPEBIMENT
I
The experiments to be reported attempt to test the recall function in
Eq. 4. They were carried out at Stanford University with the able and
generous assistance of Mr. James Hinrichs. The three experiments are
very similar, differing in only minor details. We wished to test Eq. 4
without making assumptions about r ( t ), the component retention function. This required an experimental situation for which the parameter
N , the number of components in the response member of a pairedassociate item, could be determined in advance. Given recall functions
for several known and different N values, Eq. 4 permits predictions of
one N function from any other N function.
1. Method
The method tried to induce a particular encoding and N value by
presenting the response ensemble to 8 in terms of a binary sorting tree.
The perceptual layout of the response ensemble for S is shown in
Fig. 5. This shows eight push buttons, each with B small jewel light
above it. The spatial separations between terminals emphasised their
organization in groups of two and then of four on either side. This
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organization was pointed out to S (with no further comments to use it)
and was perceptually emphasized by red tape lines on the board, as
indicated in Fig. 5. If S organized and encoded this response ensemble
in the way we hoped he would, then the vector description of the
memory trace (of the response term) is simple and direct. The eightalternative ensemble in Fig. 5 consists of N = 3 components, each component having two possible values (left or right). Thus for this setup,
we would hope that N = 3 and g = l / v = .50. The experiment is as
much a test of whether this encoding assumption is correct as it is a
test of Eq. 4.
0

0

0 0-LIGHT-0

0

0

0

tBUTTON-

FIQ. 6. Spatial arrangement of the eight-response ensemble, with eight push
buttons and corresponding jewel lamps. The grouping of the responses into binary
cluatera waa emphasized by red tape lines corresponding to the lines in the figure.

The experimental procedure involved a continuous stream of presentations and tests on single paired-associate items. S first studied a
given S-R pair for 2 seconds, and was then tested several seconds later
for recall of the response to the stimulus member of the pair. During
the retention interval, other pairs were presented for study or for test.
Each pair received one presentation, one test, and then was discarded.
This procedure is similar to that introduced by Peterson and Peterson
(1962).

The stimuli were high-frequency common nouns presented auditorily
by a tape recorder a t the rate of one every 2.5 seconds. The response
was depressing one of the push buttons on the panel before S (see
Fig. 5 ) . For an item’s first presentation (a study trial), the stimulus
word was heard simultaneously with the onset of the light above the
correct button. S was instructed to push this button immediately and
to associate it with the word heard. After either 1, 3, 5, 7, or 9 interpolated items (some studied, some tested), the target word recurred
alone, this time preceded by a brief beep of a tone indicating a recall
test. On the test trials, S was allowed 2.5 seconds in which to push the
button he recalled as being associated with the test word, being told to
guess if necessary.
Each S was run with four different sizes of the response ensemble,
with one “list” run for each ensemble condition. The number of response
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alternatives was either 2, 4, 8, or 16 buttons, representing N values of
1, 2, 3, or 4 binary components of information. Before each list (ensemble condition) began, the appropriate subset of the buttons was
indicated to S. For example, an S might have the extreme right-hand
pair of buttons in Fig. 5 for his N = 1 condition, the right-hand four
buttons for his N = 2 condition, and so on. When 16 responses were
used, a complementary set of 8 was provided below the 8 shown in
Fig. 5.
The four ensemble conditions occurred in an order counterbalanced
over Ss, and this order will be ignored in data analyses. Each ensemble
condition comprised a list containing 10 occurrences of items tested a t
each of the lags of 1, 3, 5, 7, and 9 intervening items. The particular
word lists used with the ensembles were also interchanged among
8s. The Ss were 25 undergraduates fulfilling a service requirement for
their Introductory Psychology course.
2. R e d t a and Predictions
The results of interest concern the recall curves, shown in Fig. 6.
These show the average percentage of items correctly recalled as a function of the number of items (test or study, or both) interpolated between study and the recall test. Each point is based on 250 observations. The curves decline in an irregular manner with increasing amounta
of interpolated material, which is confounded here with retention inter-
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FIQ.6. Percentage of test pairs recalled correctly aa a function of the number of
item intervening between study and teat of the pair. The number of response alternatives is the parameter of the four curves.
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Val. I n general, the curves are ordered from top to bottom in terms of
the number of response alternatives. The inversion in two points of
the 4- versus 8-alternative curves suggests some misfortunes of sampling
variability (not replicated in later experiments) , so any reasonable
theory may be expected to be somewhat inaccurate in predicting one
or another of these curves.
These curves are to be fitted with Eq. 4, where r ( t ) is to be estimated as a parameter for lags of t = 1, 3, 5, 7, and 9. Since g is constant
throughout at 1/2, set u ( t ) = r ( t )
g ( l - r ( t ) ) and write Eq. 4 as

+

CNO) =

(4t>>N,

(7)

where C N ( t )is the recall probability a t lag t for ensembles specified by
N bits of information. The u ( t ) parameter is to be estimated to best fit
the four observed C N ( t )values a t each lag t . Because of the nature of
Eq. 7, straightforward least-squares or minimum chi-square procedures
lead to seventh-degree polynomials to solve for the u ( t ) estimate. A
more tractable procedure is to minimize the sum of squared deviations
about log C N ( t ) .This leads to the following estimation equation.

C(t) = exp

4

EN2

N- 1

The properties of such rule-of-thumb estimates are unknown, but they
surely are not the best possible. Their sole advantage is their ease of
computation.
The estimates of u ( t ) obtained in this manner were .940, .798, .791,
.772, and .725 for lags of 1, 3, 5, 7, and 9 items, respectively. These
u ( t ) values correspond to r ( t ) values of .880, 396, .582, 544, and .450,
respectively. The irregularity of these r ( t ) values will be discussed
later.
These u ( t ) estimates were substituted into Eq. 7 for N = 1, 2, 3, 4,
leading to the predictions displayed in the four panels of Fig. 7. The
predictions are generally quite accurate, especially so for N = 1 and
N = 4. The poorest predictions occur a t the two inverted points (lags 3
and 5 ) on the N = 2 and N = 3 curves, the aberrant points noted
before. A chi-square goodness-of-fit test was applied. There are 20
points and 5 parameters, the u(t)’s, were estimated, yielding 15 degrees of freedom. The chi-square was 15.11, a value far from significant.
It is noteworthy that 84% of this total chi-square was contributed

248

Gordon Bower

-0

8

1

i’

3

5

7

9

N-4

4

1I
.2

.2

’ O l

3

I

f

9

0

1

3

5

7

9

NUMBER OF INTERVENING ITEMS

Fxa. 7. Proportion of correct responses a8 a function of the number of intervening
items and N. The line connects the predicted values; the open dots are the observed
proportions.

by the two aberrant points on the N = 2 and 3 curves. Thus, we may
accept the fit of Eq. 7 as satisfactory.
3. Measures and Predictions of Information Retained

Let us consider some further predictions of these data. The theory
will in principle tell us the probability that 8’s recalled response will
fall within various sectors of the ensemble relative to the location of
the correct response. A prohlem is t o find a convenient way to summarize these “error profiles.” The method illustrated here scores the
recalled response in terms of information retained, which scores will be
denoted as I . A decision was made t o calculate I scores according to a
hierarchial view of component forgetting. This is an arbitrary scheme,
but no better one came to mind for scoring the single response. The
customary measure, contingent uncertainty or transmitted information (cf. Garner, 1962), uses the entire input-output matrix and can
assign no score to single instances of recalled responses. T o illustrate
this scoring procedure, consider the eight-response ensemble with the
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bit clusters being (1, 2), (3, 4) versus (5, 6), (7, 8), and suppose the
correct response is 1. Recall of 1 is assigned an I score of 3 bits; recall
of 2 is assigned a score of 2; recall of 3 or 4 is assigned a score of 1; and
recall of 5, 6, 7, or 8 is assigned an I score of 0 bits. Note that the
responses are scored in terms of the number of hierarchial bits retained that would lead to that response. The I scores were so obtained
and then averaged over 8s and observations for each N and each lag.
Consider now the derivation of predictions for the information retained scores so obtained. Equation 3 gives the probability that i of
N bits are retained and, on the assumption of independent loss, each
combination of N - i losses out of N is equally likely. Using this assumption, the expected I score is calculated for retention of i of N bits,
and then these are summed, being weighted by the probability that i
bits are retained. The procedure will be illustrated with the eightalternative N = 3 case, where the three bits are denoted as a, b, c,
going from most detailed to most general (that is, moving from the top
of the tree to the bottom in Fig. 5 ) . If the number of bits retained R
is 3, then a correct response ensues and the I score is 3 bits. If R = 0,
then all eight responses are equally likely, and the expected value of I
in this case is

E ( I I R = O ) =>4(3+2+1+1+0+0+0+0)
=%bits.
Suppose R = 2; then three equiprobable combinations of bits retained

are ( a b ) , ( a c) , and ( b c) . If ( a b ) is the pair retained, then response 1
and response 5 are equally likely, so the average value of I in this case
is 1/2(3 0) = 1.5. If ( a c) are retained, then responses 1 and 3 are
equiprobable, so the average I will be 2. If ( b c) are retained, responses
1 and 2 are equiprobable, so the average I will be 2.5 bits. Since these
three possibilities of two bits retained are equiprobable, the average I
score when R = 2 is

+

E(Z I R

= 2) = Ji(
1.5

+ 2 + 2.5) = 2 bits.

By a similar line of reasoning from the independent-loss assumption,
the average information retained when R = 1 may be found to be 1.33
bits for a three-bit ensemble.
Finally, these theoretical expectations of I are used to calculate the
expected I score at each N and t value, according to the formula
E ( l ~ ( t )=)

CN E(IN I RN = i) P ( R N ( ~=) i).

i-0

Estimates of the distribution of R N ( t ) are made by using Eq. 3 along
with the previous estimates of r ( t ) from the mean recall curves.
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These curves for N = 2, 3, and 4 are shown in the panels of Fig. 8.
The curve for N = 1 is not shown since i t is identical to the percentage-correct recall curve in Fig. 7. The fit of predicted to observed values
is fairly good except that the values of the N = 2 and N = 4 data are
often overpredicted, indicating slightly more scattered responding in
these cases than even the independence model.wil1 allow for. This overprediction could occur if Ss were choosing the “mirror-image” alternative somewhat more than the model predicts. The fit of the model is
generally satisfactory, although there is some room for improvement.
a Data
0

N-4

I

I

5

3

Theory

I

7

Number of Interpolated Items

1
0

FIQ.8. Average score of information retained in recall as a function of N and the
number of intervening items. The solid dots are the observed averages; the open
dots are the predicted values. See text for explanation.

4. Comparison to Simple All-or-None Model

The simple all-or-none model (Bower, 1961s; Estes, 1961) assumes
that a memory trace is either completely retained or not a t all. It corresponds to the assumption that all N components are tied together
so that when one goes, they all go together. When all components are
forgotten, i t is assumed that S guesses a t random among the 2” alternatives. If r ( t ) is the retention probability, then the probability of a
correct recall of an N-bit response is

+

C N ( t ) = T ( t ) (1 - r ( t ) ) * 2-N.
(8)
This equation, in fact, is implicit in the common practice of “correcting”
response proportions for guessing.
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T o compare this model with the multicomponent model, least-squares
estimates of r ( t ) in Eq. 8 were obtained and the recall probabilities
in Fig. 6 were predicted by Eq. 8. The fit of these predictions was poor
relative to the fit of the multicomponent predictions. The chi-square
for goodness of fit was significant (x2 (15) = 28.02, p < .01). The average
absolute discrepancy between observed and predicted proportions of
this model was .054, about twice as large as the discrepancies for the
multicomponent model. Also as would be expected from this outcome,
the predictions of information retained, or I scores (cf. Fig. 8), were
consistently poorer than the predictions based on the multicomponent
model. From these comparisons it may be concluded that the results are
inconsistent with the idea that forgetting of the entire vector of information is all or none. However, they are consistent with the idea that
individual components of the stored vector are forgotten in all all-ornone manner.
5. The Empirical r ( t ) Function

The recall curves in Fig. 6 are quite irregular and this shows up, of
course, in the r ( t ) estimates for lags of 1, 3, 5, 7, and 9 interpolated
items. Because the list was constructed with interleaved tests and study
trials on new items, the intervening events for a particular lag varied
in the number of tests versus new-item presentations. A reanalysis of
the recall data showed that test trials caused relatively little retention
loss, whereas new-item presentations (requiring storage) caused relatively greater retention losses. The differential forgetting due to retrieval versus storage operations is shown in Figs. 9a and 9b. Figure 9s
is a plot of recall probabilities against the number of intervening
storage operations (new-item study trials) between storage of the
target item and its later test. The number of intervening test trials is
ignored in these calculations. Figure 9b shows a similar recall function
plotted against the number of intervening tests (retrieval operations) ,
with the number of intervening study trials ignored (in fact, permitted
random variation). Recall probability declines monotonically with intervening study of new pairs but not monotonically with tests of old
pairs; in fact, the latter curves are quite irregular. Since test and study
trials occupied the same length of time, these results favor an interference rather than an autonomous decay principle of forgetting. Worded
in terms of the model, the main event promoting erasure of component
bits of a memory already in storage is the act of storing similar
memories (vectors) regarding the same ensemble.
New estimates of r ( n ) were obtained from Fig. 9a, where n is understood to be the number of intervening first presentations. The estimates
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for N = 1 , 3 , 4 are plotted in Fig. 10. The estimates are similar a t each n
value; their decline is well described by the straight line r(n) = .856
- .088n.Using this fitted r(n) function, the CN(n)data in Fig. 9a can be
fairly well predicted via Eq. 4.

B. EXPERIMENTS
I1 AND I11
1. Method
These experiments used the same button-light board and differed
from Experiment I in only one major respect. Experiment I had interleaved study trials and test trials in a continuous task; in Experiments
I1 and I11 the study trials occurred in large blocks followed by a block
of test trials measuring recall of several pairs selected from the preceding study block.
In Experiment I1 a study block consisted in presentation of 12 new
pairs (aural words associated to button presses as before) presented
a t a 3.5-second rate. The test block, preceded by a buzzer, consisted
of 5 recall tests; the pairs tested were those presented in positions 3, 5,
7, 9, and 11 in the 12-item list, corresponding to 9, 7, 5, 3, and 1 intervening items before the test block began. The order in which these 5
items were tested was counterbalanced over test blocks. For each re-
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sponse ensemble condition (2, 4, 8, or 16 alternatives), each of 24 Ss
had a list consisting of 10 study-test blocks. This then yields recall
curves for each N value and each n = 1, 3, 5, 7, 9, with 240 observations
per point.
Experiment I11 was similar except the study block consisted of 8
pairs presented at a 2.5-second rate, and 4 of these items were tested for
recall in the following test block. The 4 items tested were selected
equally often from each presentation position of the preceding 8-item
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FIO.10. The d t ) estimates derived from Fig. Qa, where n denotw the number
of intervening study trials. The points for the N = 2 condition BE. not plotted. In
theory, the three estimates at each n value should be identical.

study block. The order in which items were tested was counterbalanced
over test blocks. For each response ensemble condition, each of 24 Ss
had a list consisting of 16 such study-test blocks. The recall c w e s
are based on 192 observations per point. As in Experiments I and 11, the
particular word lists used with the different response ensembles were counterbalanced over Ss.
2. Results and Predictions
The order in which items were tested had practically no effect upon
their recall probability. The main exception to this statement is that
recall probability of the eighth (last) item in Experiment I11 was
higher when it was tested first rather than later. Except for this point,
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test order had almost no effect on recall. Consequently, results are
pooled over various test orders in what follows.
The average recall probabilities for the two experiments are shown
in Fig. l l a and l l b . For each graph, the abscissa is the number of
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FIQ.11. Proportion of correct recalls in (a) Exp. 11, and (b) Exp. 111, as a
function of the number of interpolated study trials before the test block began. The
order of testing was counterbalanced and is ignored in these calculations.
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items studied between presentation and the start of the test block.
The information in the response ensemble is the parameter in each set
of curves.
The recall curves of Experiment I1 in Fig. 11s are essentially flat,
but are well separated according to the information in the response.
On the other hand, recall in Experiment I11 (Fig. l l b ) shows definite
serial position curves (except for N = 1) with a marked recency effect
and a slight primacy effect. We have no explanation for the difference
in recall functions obtained in these two experiments; they differed in
several respects, including the number of items per study block, the
number of items tested, and the trial rate. Judging from other experiments using a similar procedure (e.g., Murdock, 1963a), the bowed
curves in Fig. l l b are the usual result, whereas the flat curves in Fig.
l l a are atypical.
The average recall with the two-response ensemble in both experiments is unusually high relative to what would be expected on the
basis of the curves for N’s of 2, 3, and 4. This, we feel, was probably
due to the block, or “short-list,” study procedure employed here. Subjects frequently volunteered the information that a simple strategy
sufficed to learn the two-response blocks. Since each block (of 12 or 8
study items) contained only half of each response, they could rehearse
or concentrate on only those words going with response 1 and ignore
the rest. On test trials, any word they did not remember as a 1 would
be responded to as a 2. However, they reported that this strategy was
of no help for the larger response ensembles and so was not used for
them.
T o the extent that this strategy is used, the retention parameter for
the N = 1 data will be higher than for the N > 1 data-as indeed it is.
This would follow, for example, if it is held that the effective event
promoting forgetting is the act of storing other material. B y the halving
strategy, the number of interfering events for N = 1 would be about half
of those encountered when N > 1. For this reason, Eq. 7 will be tested
with only the N > 1 data since it can be reasonably presumed that u ( t )
will be similar in these cases. The surprising fact is that this halving
strategy was not used by Ss in Experiment I (none reported it) ; apparently, the continuous interleaving of study and test trials in that
experiment lowered the saliency of such strategies.
I n testing Eq. 4 with the N > 1 data, recall results are pooled over
all lags t because of their essential constancy, and an average retention
parameter T is estimated by the same procedure as before. The results
of this procedure are shown in Table I. The fit is quite good in both
experiments ; neither chi-square value is significant, despite the power
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TABLE I
AVERAQE
RECALLPROBABILITIES
~

Experiment I11

Experiment I1
N

Observed

Predicted

N

Observed

Predicted

2
3
4

.M19
.444
.323

.572
.435
.325

2
3
4

.575
.455
.303

.572
.434
,323

P
= .514
n
=12ooo
x'(2) = .33
p

a

>.50

f
= .512
n
= 1536"
x9(2) = 3.48
p
> .10

Total observations in each proportion.

of the test afforded by the large number of observations. It may be
noted that the average recall scores are approximately the same in
the two experiments. Attempts to fit the recall curves in Fig. l l b by
estimating separate T'S a t each serial position proved only moderately
successful. The general irregularity of the empirical curves prevented a
really good fit. Even so, the average discrepancy between observed and
predicted proportions was only .03.

3. Comparison to All-or-None Model
The fit of the multicomponent predictions in Table I may be again
compared to those of the simple all-or-none model. The fit of the latter's
predictions are considerably poorer in each experiment, yielding chisquares (with 2 df) for goodness of fit of 22 and 43, respectively, for
Experiments I1 and 111. These chi-squares are 66 and 12 times larger,
respectively, than those for goddness of fit of the multicomponent model.
Thus, these data again contradict the idea that the total information
in the memory trace is lost ie an all-or-none fashion; however, the data
are consistent with the idea that individual components of the memory
vector are lost in an all-or-none manner.
These recall experiments do not, of course, prove that fihe multicomponent model of memory traces is the only one possible, since few
alternatives have been tested against it. The experiments do, however,
yield evidence consistent with the vector model and suggest that it is
not altogether an idle practice to examine further implications of the
model. This is done in the remaining sections of the paper, where we
turn to examination of various tests of recognition memory to see what
light the model may shed on problems of interrelating performance on
a variety of such tests.
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IV. Recognition Memory
A. CLASSIFICATION
OF RECOGNITION
TASKS
Some implications of the theory will now be derived for measures of
recognition memory. Tests of recognition memory fall naturally into
two types. First are single-stimulus tests, in which a single unit of
learning (e.g., an S-R pair) is shown and S rates this in some way
according to its familiarity to him. Often the rating is dichotomous (“Yes,
I’ve seen i t before” or “No, I’ve not seen it before”), but it can be
done with as many rating categories as S can handle (for example,
the S may be instructed to “Rate on a 7-point scale your adjudged
likelihood of having seen this unit before”). The dichotomous judgment may be supplemented by a confidence rating (“Rate on a 5-point
scale your confidence that your Yes or No answer is correct”). I n data
analysis, the yes-no response plus its confidence rating is unfolded and
treated in practice as a straightforward rating scale regarding the
familiarity of the test unit.
Second are multiple-choice tests in which several learning units
are shown. These tests take a variety of forms depending on how S is
instructed to partition the set of n alternatives. Examples of instructed
partitions would be (a) pick the most familiar item; (b) pick the k
most familiar of the n; (c) pick the k least familiar of the n; (d) rank
order all n on the basis of their judged familiarity; and so on.
Presumably, an S’s performance on all these tasks should be interrelated since, in some sense, they are simply different kinds of output
from one and the same memory structure. However, development of
quantitative models to describe these interrelationships have hitherto
proved difficult. In the following, the vector model of the memory trace
will be applied to this problem.
VIEWPOINT
B. THEDECISIONTHEORY
Before proceeding to the main discussion, however, the general viewpoint to be employed will first be presented. The viewpoint is that of
statistical decision theory, which has been widely used in dealing with
psychophysical experiments on detection and recognition. The bestknown model employing decision theory concepts in psychophysics is
the theory of signal detectability, or TSD (see Swets, Tanner, & Birdsall,
1961). Egan (1958) was the first to propose the relevance of decision
theory concepts to interpretation of performance on recognition tests
of memory, and this point of view is now widely accepted (e.g., Bernbach, 1964; Bower, 1964; Murdock, 1965; Norman & Wickelgren, 1965;
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Parks, 1966; Pollack, Norman, & Galanter, 1965). The decision-theoretic
concepts are used to describe S’s judgment “criterion” and how this is
manipulated by situational variables.
To illustrate the main concepts, let us consider a yes-no recognition
test with single stimuli in which S is to decide whether or not a test
item is one he has seen before in a list of items he has just studied.
This decision presumably is made on the basis of some “feeling of
familiarity” that S experiences when the test item is compared to what
he has stored in memory. Let us admit that this feeling of familiarity
may vary over a range of values for both previously studied (old)
items as well as for novel items not previously seen (new, or distractor,
items). Admitting this structure, S’s problem is this: given a particular feeling of familiarity produced by a test item, decide from which
population of items (old or new) it comes. It is presumed that S resolves this decision problem by choosing a cutpoint or criterion on the
familiarity continuum that partitions the range into a region of acceptance and a region of rejection. Test items whose familiarity exceeds
the criterion are accepted as old (Respond “Old” or “Yes, I’ve seen it
before”) ; otherwise the test item is rejected (Respond “New” or “NO,
I’ve not seen it before”).
If S were to act in a manner approaching that of an optimal decisionmaker, several factors would have to be taken into account in selecting
the criterion of acceptance. We will discuss later the optimal criterion,
but the factors entering into it can be briefly mentioned a t once. They
are the payoffs and penalties involved for accepting versus rejecting new
and old items, and the relative likelihood that a given feeling of familiarity results from an old, as opposed to a new, item. The main components of the latter likelihood are the probability that any test item
is old instead of new, and the probability distribution of familiarity
ratings given old and given new items. For convenience in the immediate discussion, let z denote the feeling of familiarity, with large
numbers representing high familiarity; and let fo(z) and f,,(z) denote
the probability densities of z for old and new items, respectively; TSD
assumes that z is a continuous variable and that fo and fn are normal
density functions. Figure 12a shows possible distributions of fo (z)
and fn (2) , with a particular criterion indicated.
The choice of a criterion determines the “hit rate,” that is, the
probability that an old item is accepted, P ( A I 0 ) ; and a corresponding
“false alarm rate,” the probability that 8 new item is accepted as old,
P ( A I n). These represent, respectively, the probability areas of fo(z)
and fn(z) above the criterion in Fig. 12a. Since the criterion is under
S’s control and i t may vary from one experimental condition to another,
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a simple measure of hit rate is not by itself an adequate description
of recognition memory since it varies greatly according to the criterion
involved. An adequate measure can be obtained, however, by noting
that as the criterion in Fig. 12a is varied, the hit rate and false alarm
rate will covary, constrained in a manner determined by the two underlying density functions. For the particular distributions of Fig. 12s, the
covariation of P ( A I o ) and P ( A I n) is depicted in Fig. 12b. For example, if the criterion were set very low, far to the left in Fig. 12a,
then all area under both distributions exceeds the criterion and the
point a t (1, 1) on Fig. 12b is obtained. If the criterion were set very
(01
Crlter ion

(b)

0

.i

.i

.b

.b

D

Pr. that New item exceeds C

Fra. 12. (a) Hypothetical probability density functions for old (1.) and for new
(1.) items on the familiarity axis z.A criterion is indicated a t C. (b) The covariation

of the probability that an old versus a new item exceeds a criterion C as C is varied.
The line marked “zero discrimination” would result in case j.(z) and f.(z) were
identical, 80 S could not distinguish old from new items.

high, far to the right in Fig. 12a, the point a t (0, 0) is obtained.
Intermediate criteria lead to intermediate points on the curve in Fig.
12b. The straight line in Fig. 12b labeled “zero discrimination” shows
the result obtained when fo(z) and fn(z) are identical.
Curves of this kind in psychophysical detection situations are called
either receiver-operating-characteristic (ROC) curves or isosensitivity
curves. For recognition memory, the terms that have been proposed are
memory-operating-characteristic (MOC) curves or isomemory curves.
Why isomemory? Because all points falling along this curve represent
the same ability to discriminate between old versus new items. If some
variable simply moves 8’s performance from one point to another on the
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same curve, then that manipulation has affected his criterion (or “response bias”) but not his memory or whatever produces discriminability
of items along the familiarity axis. Increasing memory, or discriminability, would, on the other hand, have the effect of shifting the entire
MOC curve of Fig. 12b toward the upper left-hand corner a t (0, 1).
From such considerations it follows that a more adequate (that is,
criterion-invariant) description of recognition memory is provided either
by the entire MOC curve or its parameters.

C. MULTICOMPONENT
MODELSFOR RECOGNITION
MEMORY
I n applying the multicomponent model to recognition tasks, it will be
supposed generally that S compares the test stimulus (or stimuli) to the
degraded memory trace of the item he holds in store, and depending on
the outcome of this comparison (or of several comparisons, if there are
several test stimuli), he decides how to respond to the test stimulus
(or stimuli). Different models result, depending on (a) the assumptions about the memory trace (for example, whether a null-return or
random-replacement interpretation of component forgetting is used),
(b) the performance required of S (for example, pick one, rank k, or
rate one), and (c) the different decision rules assumed. As in the
earlier discussion, the discussion here applies strictly only to tasks that
minimize retrieval difficulties, so that, metaphorically, the model-subject knows which memory trace to pull out of its store for comparison
to the test stimulus. A convenient prototype would be a modification
of the light-board experiments reported earlier: a target pair S1-R1 is
shown for study, and later S is shown a single test pair S1-R, to judge,
or is shown several test pairs with different responses paired with S1,
S1-R1, S1-R2, SI-RS, and so on, and is required to choose the correct
pairing he has seen before. It is presumed that on the test S retrieves
the memory vector (CS1, CR1) and compares CR1 (or its degraded
form) to the encoding of the test item, or CR,. It is assumed that all
items are encoded into homogeneous vectors N components in length
and that some mechanism compares the values of the N corresponding
components of the two vectors.
The outcome to be expected from this comparison process depends
on whether forgetting is interpreted as consisting in null-state return
or random replacement of a component’s value in the original memory
trace. If the random-replacement idea is used, then the output of the
comparator will be a two-level score, described as M matches (same
value in corresponding components) and N - M mismatches (different
values in corresponding components). Alternatively, if the null-state
idea is used to interpret forgetting, then the output of comparing the
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test item to the degraded memory trace can be a three-level score,
consisting of M matches, R - M mismatches, and N - R question
marks. In the latter cases, the original value of the component has
been erased and the comparator has nothing (or only a null value)
in that position to compare to the value of the test item on that component. Note that in all cases the comparator is deciding simply “same,”
“different,” or “do not know” and is not grading component valuepairs according to how close they are in any metric sense of distance.
To apply these ideas to recognition tests, we must first derive from the
model the probability distributions of the various scores resulting from
the comparator.
1. Distribution of Comparison Scores for Old Items

Consider first the distribution of scores given that the test item is,
in fact, old or correct. Thus a degraded memory trace is being compared to what, in effect, it looked like when it was first stored. Recall
that the distribution of the number of components correctly retained R
is binomial with parameters N and r.
Consider first the null-state interpretation of forgetting. According
to this view, the number of matches for an old test item will be exactly
R (since all components retained match the test item), there will be
no mismatches, and the number of question marks will be N - R . Letting M , denote the matches for an old item, its distribution is the
same as R , namely

The match score sufEces to characterize the two-level score in this case.
Consider next the random-replacement interpretation of forgetting.
According to this view, the number of matches will be R and the number of mismatches will be N - R . Since r denotes the probability that a
given component retains its original correct value, the distribution of
match scores is given by Eq. 9, and N - M , is the number of mismatches. But again, M, completely characterizes the comparison score
for the case of an old item.
2. Distribution of Comparison Scores for New Items

a . Representation of Item Dissimilarity. The match scores when new
(distractor) items are compared to a memory trace will depend primarily on how different the distractors are from the correct (old) item
in question. To get on with the task here, it must be decided how to
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represent in formal terms this notion of the similarity of a set of distractors to a particular old item.
The most convenient representation found so far is the following:
beginning with a known, old target item consisting of N bits, a population of distractors to this target is generated by changing each bit in
the original vector to some different value with independent probability
d, and leaving the original value of the component the same with probability 1 - d . The change parameter d then gives a convenient index of
the average difference between an old item and a population of distractors generated for comparison with it. In principle, d is under the
control of the experimenter (according to how similar he makes the
distractors) , but it cannot be preset numerically unless S's precise encoding system is known. Thus, experimentally, distractor populations
can usually only be rank ordered in Similarity, hence in the parameter
d. For this reason, with most experimental materials d will serve as a
parameter to be estimated from performance curves.
As a consequence of the foregoing independent-change representation, the probability that a given distractor in the population has
exactly 2 changes is given by the binomial law with parameters N and
d. The probability distribution of matching scores is to be derived for
the case where a degraded memory trace is compared to a distractor
selected at random from a population of such distractors. Again the
answer differs depending on whether forgetting is interpreted as null
state or random replacement of the original value of a component.
b. The Null-State Interpretation. Suppose that the trace has degraded to the extent that R components are retained, whereas N - R
components are forgotten (have null values). When an N-component
distractor is compared bit by bit to this degraded trace, the outcome
may be generally described by the following three-level score: there
are M matches, R - M mismatches, and N - R question marks.
The probability of M,, matches out of R retained components is binomial with parameters Rs and 1 - d. From these considerations, it
follows that the unconditional probability of 2 matches and y mismatches is

P ( M , , = z and R - M , , = y ) = P ( R = z + y )

(

N

= X+Y

) r~+Y(l- r ) N - m (" ')

+

(1

P(Mn= z 1 R

=

z

+ y),

- d)= du,

for z,y = 0, 1, . . . , N,and z y 5 N . This is a joint probability distribution of two random variables, the number of matches and the number of mismatches.
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For some purposes, it may be assumed that the decision-maker takes
account only of the number of matches, thus ignoring the number of
mismatches. The marginal distribution of M , may be obtained from
Eq. 10 by summing out y from 0 to N - 2, namely

c

N-z

P(M,

= 2) =

UP0

N

(2 +

y)

(

rz+y(l- r)N-=--Y

+

) (1 - d)Z du.

The summing is simplified by using the factorial identity

After summing over y, the marginal probability distribution of M , is
found to be

P(M,

=

z) =

(f)[ r ( l - d)]=[l- r(1 - (illN-= -

This is a binomial distribution of match scores with parameters N and
r ( 1 - d ) . The parameter T ( 1 - d ) is the probability that an individual
component is both retained in the trace and not changed in the distractor. In fact, the intuitive derivation of Eq. 11 could have proceeded
from just this observation without the intervention of Eq. 10 and the
summation. As might be expected from the foregoing, the distribution
of the number of mismatches is also binomial with parameters N and
rd. If the difference parameter d is zero, then the distribution in Eq. 11
reduces to that of Eq. 9 for old items, as it should.
c. The Random-Replacement Interpretation. Consider next the distribution of M , implied by the random-replacement interpretation of
component forgetting. If there are no null values, then comparisons
yield only two-level scores, the number of matches M , and of mismatches N - M,; thus only the distribution of M , is of concern.
T o begin the derivation, suppose that R of the trace components retain their correct (original) values, whereas N - R have been changed
to some other value selected a t random from the remaining v - 1 possibilities a t each component. Of the R retained components, each has
probability 1 - d of matching the corresponding component of the
distractor. Hence the number of matches from this source will be
binomially distributed with parameters R and 1 - d. If a trace component has been forgotten (replaced in value) , then the corresponding
component of the distractor may match i t with probability d / v - 1 ;
that is, with probability d that component was changed in generating the distractor, and with probability l / v - 1 the value assigned there will accidentally coincide with the random value replac-
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ing the original value of that trace component. Hence, the number of
matches contributed by this source is binomially distributed with parameters N - R and d/l - v.
A rigorous derivation can be produced from the foregoing considerations, but an intuitive rationale for the end result is easily provided
and is given here. The probability that a given component of the
trace will be matched by the corresponding component in the distractor
is
m = r(1

- d ) +-.(1v -- 17 ) d

Since the N components are independent, the distribution of the number of matches is binomial, namely,

P ( M , = z) = ( f ) m . ( l

- m)n-=,

where
=

7

-d

(5)
.

I n the last line, g has been substituted for v - l .
The average match score for old items ( N r ) exceeds that for new
items (Nm) whenever retention exceeds the chance level g. Since for
most reasonable forgetting schemes, r ( t ) 2 l / v (e.g., Eq. 6 ff.), the
average match score will usually be higher for old than for new items.
Having derived the distributions of comparison scores for old and new
items, we turn now to their implications for various tasks involving
recognition memory.

D. MULTIPLE-CHOICE
TESTS
Multiple-choice tests are considered first because the decision rule
is simple and obvious in these cases. The rule is to choose that alternative which yields the higher matching score t o the memory trace; in
case several alternatives are tied for the maximal matching score, then
S is presumed to choose among these, possibly with some response bias.
This rule is equivalent to the “cross-out” rule that Murdock (1963b)
found accurately described 8s’ operating strategy on multiple-choice
tests, namely, cross out those alternatives known to be wrong and choose
at random among the remaining candidates. Viewing the memory trace
and the K-encoded answers as points in an N-dimensional vector space,
the aforementioned decision rule is the same as one which prescribes
choice of that answer-vector having the minimal distance from the
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memory-vector. Furthermore the rule is equivalent to one based on maximum likelihood wherein the elements are the K Bayesian probabilities
that the degraded memory-vector could have arisen given that answer
i (i = 1, 2, . . . , K ) were the initial input or correct answer. The twoalternative situation will be considered in detail first and discussion of the
K-alternative situation will follow.
1. Two-Alternative Forced Choice
Suppose that of the two test items one is in fact old and one new,
and that they are presented in a standard display order, such as leftright spatial positions or firsbsecond temporal order. The s's response
is designating position A, or A 2 as containing the old item. Let
P ( A 1 I 0 , ) denote the probability of choice A l when the old item is in
position 1, and P ( A 1 I 02) the probability of choice A r when the old
item is in position 2. These correspond to the hit rate and false alarm
rate. Assume that when match scores of the two alternatives are tied,
S chooses Al with a probability bias b that depends on the payoffs and
the probability of an o1 test trial.
Consider first the null-state interpretation. If z components are retained in the trace, then the match score for the old (correct) alternative will be z, and for the new (incorrect) alternative will be binomially distributed over the values from 0 to z. In case M,, < z, the
correct alternative will be chosen. I n case M,, = z, a tie results and the
response bias is used. From these considerations, the following expression describes the probability of response A l given an or trial:
N

N

P(A1 101) = C P ( R = 2)[1 - (1 - d)z]
2-0

+b X P ( R
230

=

z)(l - d)z,

1 - (1 - b ) ( l - r d ) N .
(13)
The probability of an A1 response on an o2 trial is just the second sum
in the first line of Eq. 13, or
=

P(A1IOz) = b(1 - rd)N.

(14)

These probabilities depend on all four parameters, the bias, the retention, the distractor dissimilarity, and the size of the unit.
The MOC curve in this case can be obtained by eliminating b in
Eqs. 13 and 14, yielding

P(AI I 01) = P(A1 I 02)

+ 1 - (1 - rd)N.

(15)

Equation 15 describes MOC curves of slope 1 in the unit square. The
intercept increases with T , d, and N and has a direct interpretation: i t
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is the probability that a t least one of the N components is both retained in the trace and changed in the distractor. The retention and
dissimilarity parameters, r and d, enter reciprocally in determining discriminability in performance ; better retention can offset increases in
similarity of the distractors, and vice versa.
The empirical validity of Eq. 15 is unknown since recognition memory
experiments of this type, where b is manipulated, for example, by
P(ol), have not yet been done. For whatever credibility it may lend, it
may be mentioned that corresponding forced-choice experiments with
signal detection usually lead to ROC curves of unit slope (e.g., Atkinson, Carterette, & Kinchla, 1964a; Atkinson, Bower & Crothers, 1965,
Ch. 5).
Consider briefly the random-replacement interpretation of forgetting.
Jn this case, M,, (from Eq. 12) is not constrained by the value of M,;
in fact, M , may exceed M,. The probabilities of an Al response on
ol- and 02-type test trials are
P(AI

I 01)

N

=

C P ( M=,Z) P(Mn < Z)

2'1

+b C P ( M .
N

z=o

= z)

P(M,

= a!),

Elimination of the bias parameter (the second sums) from these two
equations yields the MOC equation relating P ( A 1 I ol) to P ( A 1 I 0 2 ) . I t
has a slope of 1 and a positive intercept given by the difference between
the initial sums in the foregoing two equations. This intercept is the
probability that M , exceeds M , (leading to correct choices) minus the
probability that M,,exceeds M , (leading to errors). In general properties then, the MOC curves implied by the null-state and randomreplacement ideas in this instance are the. same.
2. K-Alternative Forced Choice
In this test, K - 1 distractors to the correct alternative are presented; these are to be generated independently according to the usual
change rule, each with parameter d. Suppose that x bits are retained so
that M,=z. Any distractor with an M,, score less than x is rejected.
The probability that a distractor matches all x retained bits is
(1 - d)". Let yJ denote the number of the K - 1 distractors that
match all x bits; then yz is binomially distributed with parameters
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(1 - d)". If i distractors so match the correct answer, then
the unbiased probability that the correct alternative is chosen is
(1 i) -l. Thus, when x bits are retained, the probability of a correct
choice is

K

- 1 and

+

The unconditional probability of a correct choice is the sum over x
of Eq. 17 multiplied by the probability that x bits are retained,
namely

c ( y) P ( 1 N

PK(C) =

r)N-

{ 1 - [ l - (1 - d)Z14

K(1 - d)=
This sum can be simplified to the following expression.
Z-0

G z (f)
K

PK(C) =

(-l)i[l

- 7 + r ( l - d)"']N.

(184

Unfortunately, no simple closed expression exists for the latter sum.
For immediate purposes of qualitative interpretations, however, the unconditional probability in Eq. 18a may be approximated by substituting the average amount retained NT for x in Eq. 17. The approximation is

The critical term in Eq. 18b, (1 - d)", is the probability that any given
distractor will not be rejected by the N r bits retained on average in the
memory trace. It is the probability that a distractor effectively competes with the correct alternative.
I n Eq. 18b, if either retention fails entirely ( r =0) or the distractors are the same as the correct alternative ( d = 0), then choice
probability is a t the chance level of K-l. One failing of the approximation in Eq. 18b is that it does not reduce to Eq. 13 exactly for b = .5
and K = 2, although Eq. 18a does. Another failing is its indeterminacy
when d = 1, but in this case the basic theory and Eq. 18a imply that
P K ( C ) will equal 1 - ( K -. 1/K) (1 - T ) ~ That
.
is, retention of any
one component of the trace suffices to reject all distractors generated
with d = 1. The P K ( C ) is mainly dominated by the K in the denominator, decreasing like K - I . Figure 13 shows several curves for the
PK(C)of Eq. 18b, assuming different values of (1- d)NrJthe average
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probability that a distractor will pass the matching test and become
an effective competitor. The curves decline with K and are ordered by
the size of the “acceptance” probability of distractors. These predictions seem qualitatively in agreement with recognition results in which
the number and dissimilarity of distractor8 are varied (e.g., Murdock,
1963b; Postman, 1950; Shepard & Chang, 1963).
Turning next to the random-replacement scheme for the multiplechoice task, K - 1 values of M,, are randomly selected from the
distribution of Eq. 12 and compared to one value of M,. The unbiased

0

I

1

4

I

8

I

12

I

I

16

20

Number of Alternatives : K

F I ~ 13.
. Probability of a correct choice related to the number of alternatives,
where K - 1 are distractors. The parameter is the probability that a given distractor
will not be rejected by the average number of components retained in the memory
tract.

probability of a correct choice is the likelihood that M , exceeds all
K - 1 values of M,, plus the sum over i of (1 i) -l times the
probability that i of the K - 1 values of M,, tie with M,. The for-

+

mal expression is cumbersome, of course. Computations can be substantially simplified by approximating the discrete binomial distributions by continuous normal distributions. This approximation is quite
efficient for N 2 4 and more so the closer the match probability ( T or
m ) approaches 1/2. Let fo(z) denote the normal density approximation
to the distribution of old match scores (Eq. 9) with mean NT and
variance N r ( 1 - T ) . Similarly, let f,,(z) denote the normal density ap-
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proximation to the distribution of new match scores (Eq. 12) with
mean N m and variance N m (1 - m ) .Finally, let F,,(z) denote the cumulative probability that a new match score is less than 5. With these
concepts at hand, the probability of a correct choice in a K-alternative
situation may be written as

This is the integral over z of the likelihood that M, equals z, whereas
all K - 1 values of M,, are less than z. The previous terms added in
the discrete case for i 1 ties, and so on, are dropped in the continuous
approximation. Equation 19 is identical to that of TSD for cases involving unequal variances and a mean difference of N ( r - m ) (see
Swets et al., 1961).

+

3. Ranking of K Alternatives

In ranking K alternatives consisting of one old and K - 1 distractor
items, it is supposed that S orders the alternatives strictly in the order
of magnitude of their match scores vis ZL vis the memory trace of the old
item. The dependent variable is the rank assigned to the correct alternative. Let i = 1, . . . , K denote the rank, with 1 being the “most likely
correct,” and let P K ( i ) denote the probability that S assigns the correct
alternative to rank i.
Consider first the null-state interpretation of forgetting. According
to this view, a distractor can a t best only equal (and never exceed)
the match score of the correct alternative. If j distractors tie with the
correct alternative, then the latter may be assigned any rank from 1 to
j
1. The likelihood that j distractors will tie M, given retention of
x bits in the trace is binomial with parameters K - 1 and (1- d)”.
No explicit expressions for P K ( i ) ,for any i and K , have been worked
out; the same mathematical problems are encountered that requked the
approximation to P K ( C ) in Eq. 18. In fact, P K ( C ) in Eq. 18a is just
the probability that the correct alternative receives a rank of 1, or
P K ( 1 ) in the present notation.
To illustrate the graded test performance of the model when it is
ranking, the expressions for K = 3 are presented.

+

- d)Z + 1 - TIN,
PS(2) = (1 - rd)N - SS[r(l - d)2 + 1 - TIN,
Ps(3) = %[r(l - d)Z + 1 - r ] N .
Ps(1) = 1 - (1 - rd)N

+ ?&(1

(20)
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An important implication of these equations is that the probabilities
that the correct alternative receives rank 1, 2, or 3 are graded in that
order. Equalities of the three Probabilities hold only when discrimination is totally absent, either because memory fails entirely ( r = 0) or
because the test stimuli are identical ( d = 0). From these probabilities,
one would expect above-chance performance when S is permitted a second guess after an incorrect first choice. The data available (e.g. Binford & Gettys, 1965; Bower, 1964; Brown, 1965) do show this excess
information to be contained in second guesses following an error on the
first choice.
In applying the random-replacement idea to ranking, the continuous
normal approximations introduced before will be used. The probability
that the correct alternative receives rank i may be written as

-m

This is the integral over z of the probability density that M,, equals z,
and that i - 1 of the K - 1 values of M , exceed 2 while the remaining K - i values of M , are less than z.The final terms in the integral
describe the binomial distribution with parameters K - 1 and 1 - F , , ( x ) .
This is the ranking formula for TSD. When the mean value of M ,
exceeds that of M,,, then the P K ( i ) in Eq. 21 are ordered inversely
in magnitude with the rank i. This means that graded performance is
predicted by this scheme.

E. SINGLE-STIMULUS
TESTS
In single-stimulus tests, S is shown one item, say S1-R1 or S1-Rz,
and asked to make an absolute judgment regarding its familiarity to
him. As noted before, this judgment may be dichotomous (accept or
reject as old) or a continuous rating. Assume that the memofy matching process is the same as before, and that the judgment is made on the
basis of the outcome of comparing the test stimulus to the memory
trace. A two-level outcome occurs for the random-replacement scheme
and a three-level outcome for the null-state scheme. For the latter
scheme, several alternative decision rules are plausible; for the former,
only a single decision rule is plausible, so it is discussed first.
1. Random-Replacement Interpretation: MOC Curves

For the random-replacement scheme, the two-level comparison more
is specified uniquely by M , the number of matches. Thus, the judgment of
familiarity will be made with respect to M . Of course, M might be
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transformed in some way before the judgment is made. A simple transformation would take a weighted sum of the number of matches and
mismatches for test stimulus i, according to
si = a (matches) - b (mismatches)
= aMi

si = (a

- b(N - Mi)

+ b)Mi + c".

+ c,

+ c,

(22)

Here, a and b are positive weighting coefficients for matches and mismatches. However, since the M, are binomially distributed, so will be
the s4 (for new and old items) ; Eq. 22 simply shifts the location and
spread of the M , and M, distributions without changing the MOC
curve implied by them. Thus, decisions on the sc axis are equivalent to
decisions on the M 4 axis. In fact, if + ( M r ) is any order-preserving
(positive monotone) transformation of Mi, then Mc and +(Mi)are
isomorphic decision axes in the sense of implying the same MOC curve.
If M , and M , are approximated by continuous normal distributions, the MOC curves are the same as those derived from TSD. The
MOC is obtained in theory by sliding a cutoff point C along the axis
and plotting values of P ( M , 2 C) against P ( M , 2 C ) . Some examples of such MOC curves derived from the theory are shown in
Figs. 14a and 14b. In Fig. 14a, r = .7 and the dissimilarity parameter d
is varied; in Fig. 14b, d = .3 and the retention parameter T is varied.
These MOC curves were obtained from the binomial distributions of
M , and M,, assuming that N equals 20. For such large N values,
the MOC curves based on the binomial are indistinguishable from those
that arise from normal density approximations. The straight line for
T = .20 in Fig. 14b arises because v = 5 was assumed in plotting these
graphs; and it can be shown (cf. Eq. 23 following) that r = m whenever T = l / v = g . The theoretical MOC curves in Figs. 14a and 14b
have the same general shape as the empirical curves for recognition
memory reported by Bernbach (1964), Egan (1958), Murdock (1965),
and Pollack et al. (1965). With freedom to choose the three parameters N , r, and m, the theory will fit the empirical curves fairly well.
Such good fits, of course, are only a minimal requirement for any reasonable theory, and do not provide a very stringent test.
In experimental practice, the MOC curve is estimated by plotting the
cumulative probabilities that the rating of old versus new items exceeds
rating R4.From an n-point rating scale, n - 1 points of the MOC are
obtained. Using normal approximations to the binomial distributions,
two parameters determine, and thus can be estimated from, the empirical MOC curve (cf. Swets et al., 1961). These estimates are obtained
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PI: that M, exceeds Criterion
(b)

FIQ.14. Memory-operating characterirttios for the random-replacement model. In
(a) the dissimilarity of the distractom (new items) is varied, with discrimination
increasing aa d increases; in (b) the average retention of the memory trace ia varied.
The straight line is obtained when r = m = g.
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by fitting a straight line to the inverse-normal transformation of the
MOC points. The intercept of the straight line estimates the mean difference scaled with respect to one of the standard deviations, such as
that of M,, namely,

where g = 21-l and K = d ( r - g ) (1 - g ) - l . This parameter corresponds
to the d’ measure of TSD. It determines how far the MOC curve deviates toward the upper left-hand corner a t (0, l ) , away from the diagonal line. The slope of the fitted straight line in normal-normal coordinates is an estimate of the ratio of the standard deviations, that
is,

This ratio controls the symmetry of the MOC curve about the antidiagonal line from (1, 0) to (0, 1). The MOC curve is symmetric
when d2 = 1 ; humped below the antidiagonal line when d2 < 1 ; and
humped above when f12 > 1. Theoretically, the symmetry depends on
If this sign is positive, 82 > 1 ; if negative,
the sign of 2 K ( r - .5 - .5K).
O2 < 1 ; if zero, 6, = 1. Since K depends on the size of T - g, it is
expected to be positive; so the MOC curve may be expected to be
humped above (a2 > 1) when retention is high [r > .5(1 K ) ] , and
humped below when retention is low [r < .5(1 K)]. If curves of
one type of asymmetry were consistently obtained regardless of retention probability, such evidence would discredit this model. Obviously with three theoretical unknowns(N, T , K ) and only two estimated
numbers,
and OZ, the theoretical parameters cannot be estimated
uniquely on the basis of the MOC curve.
a. The Optimal Setting of the Criterion. The MOC curve is derived
from category rating data where the category boundaries correspond in
theory to different judgment criteria established by 8. In the dichotomous experiment, only 3 single criterion is set. If S were to set his criterion so as to maximize the expected value of the trial outcomes over the
experiment, it is easy to show (cf. Swets et al., 1961) that the optimal
criterion would be that value C where

+

+

I n Eq. 25, P ( o ) and P ( n ) are the probabilities that the test item is in
fact old and new, W, and W, are the utilities of the winnings earned
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by a correct response to old and new items, and Lo and Ln are the
utilities of the penalties incurred for an error on old and new items,
respectively. The sense of Eq. 25 is that the criterion should be so set
that the relative likelihood of a match score of C arising from an old
versus a new item equals the payoff differential for new versus old
items. If the M , are interpreted as discrete-valued variables, then C
may lie in an interval between two integers; if the continuous normal
approximation t o the Mc is used, then Eq. 25 determines a unique value
of C. The extent to which Ss will approximate in practice this ideal
criterion is not known; clearly, their criterion will vary roughly in the
manner summarized by Eq. 25. At present it appears difficult to determine how well Ss approximate the criterion in Eq. 25 because the
parameters of the M , and M , distributions must be estimated before
Eq. 25 can be tested. But earlier it was mentioned that a single point
or even the entire MOC curve does not suffice to estimate all the
parameters of the theory.
b. Alternative Method for Setting Criterion. Parks (1966) has suggested an alternative rule by which Ss set their criterion in dichotomous
(yes-no) recognition tasks. The proposal is that S sets his criterion
so that his over-all probability of saying “Old” is proportional to the
actual proportion of old items in the test series. Letting k denote the
proportionality constant and po denote the proportion of old test items,
the proposal is that C is so chosen as to satisfy the following equality.

+ (1 - PO)P(Mfl2 c)

2 c>

kP0.
The proportionality constant k is presumed to vary with the payoffs.
It is easily estimated, for example, by the sum of hit and false alarm
rates on a p , = .50 condition (any other p , between 0 and 1 would
serve as well). Given assumptions about normality and equal variances
of M , and M,, the same data will also serve to estimate d’, the scaled
mean separation between M , and Mn. Having thus estimated k and d‘,
the relation just proposed specifies a unique C for any new p , schedule,
thereby allowing predictions of the hit rate and false alarm rate on this
new p, schedule. Parks reported several sets of recognition memory
data in which such predictions were quite accurate. This supports his
proposal for how S sets his criterion in the dichotomous recognition
task.
P o m f o

=

2. Null-State Interpretation and Absolute Judgments

Recall that the null-state model of the memory trace yields a threelevel comparison score consisting in general of M 4 matches, R, - M i
mismatches, and N - R, unknowns or question marks. It will be as-
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sumed that the decision axis is formed by a linear combination of these
three scores. Letting si denote the score for test stimuli of type i (old
or new), the assumption is that the decision axis is

+

si = AMi - B(Ri - M i ) - C ( N - Ri)
D.
(26)
In this score, A, B, and C are weighting coefficients. For old items in
memory M, = R,, so the second term vanishes, yielding

+

+

( A C ) M , D’N.
(27)
Since M, is binomially distributed, so will be so; Eq. 27 just shifts the
mean and spread of M,. For new (distractor) items M , 2 R,; thus
all terms of Eq. 26 may exist and the full distribution of s,, is given
by Eq. 10; that is,
8,

P[s, = ( A
=

N

=

+ C)X - B y + D’N]= P ( M , =
N-x

(x )(

) [r(l - d)l”(rd)W(l -

2

& R, - M, = y),

r)N--,

+

for 0 2 x, y 2 N , and x y 5 N . This distribution of s, is inconvenient to work with, and the general shape of MOC curves implied by
Eqs. 27 and 28 are unknown. This question should be investigated.
A particularly simple scheme arises if, in Eq. 26, B is set equal to zero.
When information about mismatches is ignored, the theory leads to a
one-dimensional decision axis similar to that of TSD. That is, the decision axis is the match score and M, and M , have binomial distributions
given by Eqs. 9 and 11, respectively. Using continuous normal approximations to the binomials, the two parameters of the MOC curve will be

and

el =

E(M0) - E(M,)
dM0)

-4A
-

A = - a(M,) - [(l - d)(l - r

Nr

+

112

rd)]”’
(29)
(1 - 7)
The value of 62 determines the symmetry of the MOC curve, and it
depends on the sign of the quantity 1- r ( 2 - d ) . If this sign is positive, then Var(M,) exceeds Var(M,), O2 < 1, and the MOC curve is
humped below the antidiagonal; if the sign is negative, then 62 > 1
and the MOC is humped above the diagonal; if the quantity is zero,
then 6, = 1 and the MOC is symmetric. When retention is less than
.5, then O2 < 1 regardless of d; when retention is greater than .5, the
sign depends on d.
Some MOC curves based on the null-state model are shown in Figs. 15a
and 15b, wherein d and T are separately varied. The curves are very
similar to those for the random-replacement model.
u(Mo) -

Gordon Bower

276

0

I

I

0.2

0.4

0;

0.4

I

06

1

0.8

Pr. thot Mn exceeds criterion

Pr. thot

I

I

0.6

I

0.8

M n exceeds Criterion

1

1.0

I

1.0

(b)

FIQ. 16. Memory-operating characteristics for the null-state model. In (a) the
dissimilarity of the distractors is varied; in (b) the average retention of the memory
trace is varied.
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3. Category Discrimination and a Posteriori Probabilities

Before leaving the topic of MOC curves based on rating data, i t may
be mentioned that the degree to which the various rating categories are
used discriminately by S can be estimated by the a posteriori probabilities (see Norman & Wickelgren, 1965). This is the likelihood that an
item assigned rating C, is in fact old. Suppose that there are 7 categories, N > 7, and that S sets the six boundaries B1, Bz, . . . , Be, a8
shown in Fig. 16a. The probability of a rating of C4 given an old or
(0)
B2 B3
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Category
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-
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FIG.10. (a) Possible locations of six boundaries BC partitioning the M scores into
seven categories CC. (b) The a posteriori probability that the item is old given
that a rating of CCoccurs.
new item is just the area of fo(z) or fn(z) between boundaries B4
and B4-1. Letting F,(B,) and Fn(B4)denote the cumulative probability
that fo and fn, respectively, are less than B,, then the equations for
the a posteriori probabilities are

+

For C 1,we interpret B, = -oo , and for C7 we interpret B7 as oo . Plots
of Eq. 30 are shown in Fig. 16b for the boundaries in Fig. 16s. The
important point about P(o1d I C,) is that in theory it increases monotonically with the rating C,. This monotonicity property should hold
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so long as N exceeds the number c_"categories, whatever the spacing
between the category boundaries.
The theoretical expression for the a posteriori probabilities is easily
derived, but its relation to the observed curve (derived from category
ratings) must be interpreted with caution. The likelihood that an item
is old given that it yields a match score of z is

For example, using the expressions for the null-state model, a logistic
or S-shaped curve is implied, namely,
P(0ld I M = z) = (1
where

A

= (1 - P o ) (1

+ A&)-',

+ 1 -rd- 7

- p - 1

+

and b = 1 - d ( 1 - T rd) -I. The logistic increases monotonically with
z, of course, thus establishing that property of the expected data. It
should be noted, however, that the theoretical curve for P(o1d I M = z)
cannot be directly compared t o the observed proportions P(o1d 1 C,) obtained from category ratings. It Buffices to note that the independent

variables differ for the two functions, the first depending on the unknown M values, and the second on unknown intervals on the M scale
(that is, the category boundaries). In principle the observed curve is
obtained from the theoretical curve by segmenting or chunking the M
scale into n category divisions, and then plotting for each category the
value of P(o1d M = z) averaged over all values within that interval
or chunk. But unfortunately, the theory does not predict the locations
of the category boundaries, so detailed fitting of the theoretical to the
observed curve is precluded. Since a t best it can be assumed only that
the category boundaries are arranged in increasing order on the M
scale, the strongest predictions possible are that the observed a posteriori probabilities (a) will have a minimum no less than P(o1d 1 M = 0)
and a maximum no greater than P(o1d I M = N), and (b) will increase
monotonically with the category rating CC.
4. The Eflect of Too Many Rating Categories

Mention must be made of one complication to the preceding discussion of MOC curves and a posteriori probabilities derived from rating data. Recall that M is a discrete-valued variable ranging over
the integers from 0 to N. A complication can arise if the number of
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rating categories S is requested to use exceeds N, the number of components in the memory trace. This would occur, for example, if N = 6
and S were asked to use 10 rating categories, as was done in experiments by Norman and Wickelgren (1965) and Murdock (1965). If such
were the case, S would have the choice of either not using some categories a t all or else using several indiscriminately. Since instructions
are usually interpreted by S to mean that he should use all the categories (cf. Parducci, 1965), he would tend in such a case to use several
categories indiscriminately.
There are many idiosyncratic variations on how the categories could
be assigned in such cases, but to show the possible effects of this excess
of categories, a simple scheme will be used. Suppose that N = 6, S is
asked to use 10 categories, and he decides to assign M scores to the
categories as follows: M = z is assigned uniquely to category C4+iz,
except that M = 1 and M = 0 are assigned randomly to categories C1
through Ca. Figures 17a and 17b show the MOC and a posteriori probability curves that can arise in this case. For these curves, retention is
assumed to be generally poor (T = .26) and d = .62.
As Fig. 17a shows, the MOC curve based on such category assignments
yields straight-line segments over that portion of the rating scale that
is used indiscriminately. And as Fig. 17b shows, the lower five categories
contain no differential information in the sense of giving different a
posteriori probabilities. Both curves are similar, in fact, to several re1.0
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F I ~17.
. Possible distortions produced when the number of rating categories (10)
exceeds the number of information components in the memory trace (6). In (a) the
MOC has a straight-line segment over that portion of the rating scale used indiscriminately. In (b) the aposteriori probabilities are the aame for the lower five
categories, which are used indiscriminately.
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ported by Norman and Wickelgren (1965) for poorly retained material.
The point to be emphasized here is that knowledge or memory of
an item is not infinitely divisible, but rather is limited. By simply increasing the number of rating categories, we cannot increase s’s resolving power beyond certain limits; if you will, S has a definite “channel
capacity” for the amount of information he can transmit about these
items by using the category responses. An essentially similar conclusion
has been reached about information transmitted by category responses
to psychophysical stimuli (cf. Garner, 1962, pp. 87-90).

V. Related Aspects of Recall Performance
The theory will now be used to interpret several features of recall
performance. The topics to be discussed in this section include the
amount of information transmitted in recall, confidence ratings of the
correctness of a recalled response, effects of a possible threshold for
recall, the operation of proactive biases in recall, and response latencies. For all topics except the first, the discussion is sensible only in
terms of the null-state interpretation of component forgetting since in
these cases the model has to “be aware” of how much information has
been retained and how much forgotten from a memory trace and, as
mentioned earlier, the random-replacement interpretation of forgetting
provides no basis for discriminating how much has been retained.

TEANSMITTED
IN RECALL
A. THEINFOBMATION
Pollack (1953), Miller (1956), and others have reported data indicating that the amount of information transmitted in recall increases directly with the formal uncertainty of the ensemble of items used as
memory materials. The measure of transmitted information is formally
derived from the complete matrix of inputs versus outputs (see Garner,
1962, Ch. 3). For present purposes, the input will be the correct response
given to the memory system, and the output will be the response recalled by the system. To distinguish these two usages of response, let
A, denote input of alternative i of some ensemble, and R j denote recall of alternative j of that same ensemble. The data matrix consists of
entries p(A4, Rj) denoting the joint proportion of study-test trials when
A, was “sent” and R, was “received.” In the following, the aim is to
derive from the theory the expected information transmission, so as to
compare this to some of Pollack’s results. The equations used are given
by Garner (1962, pp. 56-59).
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The transmitted information, or contingent uncertainty, between R
and A is defined as
where
3

is the uncertainty in the over-all response recall distribution, and

UA(W =

-C

p(Ai)

i

C p(Rj I Ai) In2 p(Rj I Ai)
j

is the conditional uncertainty in R when A is known.
Suppose that 2N response alternatives are used, with memory vectors
encoded into N binary components. Let these alternatives be used as
correct responses equally often, so that p ( A c )= 2-N, and suppose that
the various responses are, over-all trials, recalled equally often. Without
specific response biases, p (R,) = 2-N. With this structure, it follows that
and

The task now is to characterise theoretically the probability distribution over the R, given that a particular A, is sent. With no output
biases, all the distributions turn out to be the "same" in a sense to be
defined now. For any given Ac sent, the 2N possible responses to be recalled can be partitioned into N
1 subsets, denoted So, S1,. . . ,
SN,where each member of a given subset has an identical probability of
occurrence. The number of response members in subset Sc is
, and the
common response probability for each member of subset S, is

+

(r)

+

p(Ri I A ) = [.5\1 - r)]'[.5(1 r)]"-' = ~ ' ( 1- c)"-'.
Derivation of these statements from the independent-loss model is
lengthy and cannot be given here. The input Ac determines which responses belong to which subsets, but the over-all numerical pattern remains the same in theory regardless of the specific input. This partitioning accounts for all the recall possibilities since, summing elements of
the subsets,

5(;)

a- 0

= 2N.

Also the sum of probabilities of all recall responses is unity since
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Consider a single element of subset &, and define UC" as the uncertainty associated with recall of this response. It is

Ui* = - p l n p

= -&(l

- c)N-'[ilnc + ( N - i)ln (1 - c)].

Since uncertainty measures are additive, the uncertainty of the
members of subset SC is

ui =

(7)

(p) ui*.

Finally, the total uncertainty U,(R) may be obtained by summing

UCover the N + 1 subsets to obtain

But this sum just involves constants times the mean of a binomial
distribution. Summing, substituting c = .5 (1 - T ) , and then simplifying,
we obtain

N [(l - r) In (1 - r)
UA(R)= N - 2

+ (1 + r ) In (1 + r ) ] .

Using this in Eq. 31 along with Eq. 32, we get the end result

U(R : A ) = N(.5)[(1 - r ) l n ( l
= Nb.

- r) + (1 + r ) l n ( l

+r)],
(33)

The information transmitted in recall is thus proportional to N, the
information contained in the ensemble of correct responses ("messages")
sent into the memory system. The proportionality constant b depends
on the retention parameter T and behaves sensibly; that is, when T = 0
and there is no remembering, responses are completely random and the
information transmitted from input to output is zero ( b = 0) ; when
T = 1, the output perfectly maps onto the input and b = 1; for 0 < T < 1,
b takes on intermediate values.
Figure 18 shows the fit of Eq. 33 to Pollack's (1953) memory data
as summarized in a figure published by Miller (1956). The graph relates
the information transmitted in recall to the information characterizing
the ensemble of materials used as memory items. The least-squares esti-
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mate of b was .64.The straight-line relation provides an adequate description of the data.

B. CONFIDENCE
RATINGSOF RECALLED
RESPONSES
Several investigations (e.g., Atkinson & Shiffrin, 1965; Bower & Hintzman, 1963) have indicated that Ss can give accurate confidence judgments regarding whether the response they have recalled is in fact correct.
For example, Fig. 19, taken from the report by Atkinson and Shiffrin (1965), shows an exponential function relating the probability that
a recalled response was correct to its confidence rating of either 1 (certain correct), 2, 3, or 4 (very uncertain). The proportion correct in this
instance is approximately equal to the reciprocal of the confidence rating. The result indicates the accuracy of s’s judgment of the likelihood
that his response is correct.
To apply the theory to confidence ratings, begin by supposing that S
retains z of N components in the memory trace and responds correctly
Assume that x and N are known to the decisionwith probability gN-‘.
maker and a confidence judgment is made on the basis of these numbers. The rule transforming z and N into a confidence judgment will

‘1

Input Information per Item : Bits

FIG.18. The amount of information transmitted in recall as a function of the
information per item of the materials to be memorized. The open dots are the
observed values and the straight line is the theoretical prediction. Data from Pollack
(1953) aa summarized in a graph by Miller (1956).
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depend on the instructed form of the rating scale for S f o r example,
whether high confidence is to be associated with a high or low number.
For example, for the Atkinson and Shiffrin data shown in Fig. 19, the
transformation would be something like z = 1 A ( N - z), where z is
the confidence rating and A is the weighting coefficient for the number
of forgotten components.

+

O

I
4

3

Low

2

Confidence Rating

1

High

FIQ.19. Proportion correct for those recalled responses assigned a confidence rating
of 1,2, 3, or 4. Based on Fig. 10 from Atkinson and Shiffrin (1986).

Suppose generally that the confidence rating is some monotonic function f(z) of z,the amount retained. It then follows that the probability
of a correct response is related to the confidence rating z according to
C(s)

E

gN-P'f.)

= k&W.

Different choices of f(z) then lead to different C ( z ) functions. For
example, if f is linear, then C(zj is an exponential function; if f is a
power function, then C ( z ) is a Gomperte function: if f is an exponential function, then C(z) is a power function. All of these are more
or less reasonable f(z) and C(z) functions.
The important point is not the specific equations derived in this discussion, since they depend on an arbitrary assumption relating confidence judgments to 2. Rather the point is that the theory provides a
natural means for interpreting such confidence data and indicates, in
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general, the basis for the fact that Ss judgments about the correctness
of a recalled response can be very accurate.
Clarke, Birdsall, and Tanner (1959) have suggested that the distributions of confidence ratings for correct versus incorrect responses can
be used to construct what they called the Type-2 operating characteristic. To illustrate, suppose that S is permitted five gradations of confidence in the correctness of his answers, with 5 meaning very high and
1 very low. Then the point for rating C on the Type-2 ROC is obtained
by plotting the conditional probability that the confidence ratings exceed C given that the response was correct against the similar likelihood given that the response was incorrect. From an n-point confidence
scale, n - 1 points of the Type-2 curve can be estimated. Clarke et al.
point out that the Type-2 curve tells us how discriminating are S’s
confidence ratings, although they admit that theoretical interpretations
of such curves are somewhat obscure.
Our reason for raising the point here is because Murdock (1966)
has used this method for analyzing a memory (recall) experiment. I n
his study, 8s were exposed to many blocks of five S-R pairs and after
each block were tested for recall on one of the five pairs and required
to state their confidence in the correctness of the response they gave.
The percentage of correct recalls for the five pairs varied over a large
range according to a typical serial position curve. The remarkable result, however, was that the Type-2 operating characteristics were very
similar for the five items despite variations in their percentage correct.
Roughly speaking, the accuracy of the confidence judgments was almost independent of whether an item on the average was remembered
well or ill.
Such Type-2 operating characteristics are easily derived from the
multicomponent model for recall. Two conditional probability distributions are involved: the first, denoted p(s,), is the probability that z
bits are retained given a correct response; the second, denoted p ( s , ) ,
is the probability of retaining z bits given an incorrect recall. Letting
C denote the over-all proportion of correct recalls, the expressions for
these conditional distributions are
p(2J = c-1
~(2,)
=

P ( R = z)gN--.,

(1 - C)-l P ( R = ~ ) (-l gN--.).

The first expression weights P ( R = z) by the likelihood of a correct
recall given z and the second weights it by the likelihood of an error
given z. These conditional distributions are skewed away from the binomial from which they derive, but they are unimodal.
If confidence boundaries are aligned in increasing order with the
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amount retained x, the operating characteristic can be plotted from
these two conditional distributions by methods illustrated previously
(cf. Figs. 12 and 16a). The foregoing expressions for the conditional
distributions imply the following expression for the Type-2 operating
characteristic.

CP(2, 2 39

+ (1 - C) P(z, 2 j ) = P(R 2 j ) .

The Type-2 curves obtained in theory are asymmetric and are similar
in form to those reported by Murdock (1966). However, contrary to
Murdock's finding, the theoretical Type-2 curve changes with variations in the retention parameter r. To show this, we may calculate the
d' measure of the two distributions, defined here as the mean difference
scaled with respect to o(x,). The relevant quantities are found to be

E(zJ
and

=

Nrb,

Var(z,) = Nr(1 - r)gbq

E(x*) = Nr(1 - C)-l (1

- Cb),

+

where b = ( T g - gr)-l, C = kN,
and K = (1 - g) (N/g)'Ia. The
value of d' increases with r under most circumstances (that is, N and
g values) ; however, the increase in d' appears generally to be of small
magnitude relative to the associated increases in C, the probability of
correct recall. It is not implausible to suppose that the small increase
expected in d' may not appear in empirical estimates provided by a
single experiment, as it did not in Murdock's study. It is admittedly a
weak defense of a theory to explain away results by appeal to sampling
variability, but no better alternative comes to mind in this case. Rather
than discard the entire theory on the basis of this one result, it would
appear wiser to await replications and clearer elaboration of the conceptual significance of Type-2 operating characteristics.

C. THE RECALLTHRESIIOLD
We now examine some implications of supposing that a recall threshold exists. The basic idea is that S will not attempt recall unless the
amount retained in the memory trace equals or exceeds 8ome threshold number of remembered components. Such a threshold, or criterion,
would be operative in recall from very large or poorly defined response
ensembles, but it will be shown how a threshold can be introduced, if
desired, into recall performance from smaller ensembles. Let T denote
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the recall.threshold; it is to be conceived of as an adjustable criterion
that S sets depending on motivational and payoff conditions for recall.
1. The Effect on Recall Probabilities

Since the number of bits retained R is binomial, the probability that

,

a recall will be attempted is P ( R 2 T) which is the area at and above

the threshold T in the tail of the binomial distribution. The unconditional probability of a correct recall is

and this decreases a8 T increases since fewer recalls will be attempted.
The conditional probability of a correct response, given that reca!: is
attempted, is C ( T ) [ P ( R2 T ) ] - l , and this increases directly with T .
Several examples of the effect of the threshold upon C(T)and P ( C I recall) are shown in Fig. 20. The latter relation is similar to that between
probability of correct recall and confidence; that is, T measures the
“internal confidence” S requires of his memory before he will overtly
respond.
(a)

2

4

Threshold : T

6

2

Threshold

4
:T

6

FIO.20. Threshold effects: (a) the probability R ( T ) that recall is attempted, and
the probability C(T)of a correct recaii, plotted aa a function of the recall threshold
T ;(b) the conditional probability of a correct response given that recall is attempted
when the threshold is T. The parameter in each set of curves is 7, the average retention probability of each component.
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2. The Optimal Criterion

The optimal setting of the recall criterion will clearly depend on the
payoffs for not responding and for responding right or wrong, and on
the probability of guessing correctly given particular amounts of retention. Let W denote the utility of the payoff for a correct recall, L the
utility of the payoff for an overt error, and u the utility occasioned
by not responding at all. Since only the differences in these utilities
are important, suppose that they have been so scaled that they all are
positive numbers. If S retains z of N components and recalls by guessing
on the forgotten components, the probability of a correct recall is gN-'.
The expected utility of the payoffs encountered for recalling when z
of N bits are retained is
EU(recaJ1 I

R

= z) =
=

+

WgN-= L ( l

(W

- gN-=),

- L)gN-= + L.

Contrariwise, if S fails to recall at all, his utility is u for certain. If S
were to maximize his expected utility, he would attempt recall whenever z is such that EU(recal1 I R = z) is larger than u, and otherwise
would not recall. Thus the threshold should be set a t that value T which
satisfies the relation

(W - L)gN--T

+ L = u.

(34)

Solving for T yields the value
log (u - L/W - L)
(35)
log
A value of R 2 T should lead to recall; any other should not. Adoption
of this recall criterion maximizes the expected utility.
If the utilities of the payoffs are strictly ordered as W > u > L, then
T < N and some recall will occur. If there is no gain in recalling (that
is, u 2 W), then T > N and no recall should occur. If u is less than L
(a greater penalty for not responding than for overt errors), then Eq. 34
has no solution, but obviously in this case the optimum is a t T = 0 and
S should always attempt recall.
To briefly illustrate the relation between T and the payoffs, consider
an example where N = 4, g = .50, L = -1 and u = 0; the relation between T and the payoff W for correct recalls is desired. Using Eq. 34
directly,

T = N -

7
J
!

or
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Thus, to force the threshold to be 4 (never recall) requires zero or
negative payoff, W 5 0; for T = 3 requires W = 1; for T = 2 requires
W = 3; for T = 1 requires W = 7; and for T = 0 (always recall) requires W 15. Thus, by appropriate choice of the win payoff the
optimal setting of the criterion can be varied. Whether Ss in fact set
their recall criterion in this optimal fashion is a question for empirical
investigation; but Ss probably will approximate it to some extent.

>

3. Recognition of Unrecalled Items

The existence of a recall threshold implies that S frequently has information in storage that does not appear in recall. Indeed we may suppose that i t is just this unused information that is tapped when 8
chooses the correct item on a recognition test although he was unable
previously to recall it. Landauer (1962) and others have reported such
results. Of course, the recognition probability for such unrecalled items
will be considerably less than for recalled items, but it nonetheless can
be considerably better than chance. How much better than chance it is
will depend on how high was the recall threshold (which the memory
trace failed to pass) and the similarity of the distractors to the correct
item on the recognition test.
A particular case will illustrate the influence of the recall threshold
upon subsequent recognition of unrecalled items. The probability distribution of R for unrecalled items, when the threshold is T, is given

bY

Suppose the recognition test is an unbiased forced choice between two
alternatives, with the distractors generated with dissimilarity d. Then
the probability of a correct choice on the recognition test for unrecalled items is
T-1

P(T)= 2-0
C P(R = z I z < T)[I - .5(1 - d ) ~ ] ,
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Some curves of this function are drawn in Fig. 21 for different values
of the recall threshold T and different retention parameters. The
other parameters are N = 6 and d = .6. The point to be established
about Fig. 21 is that the recognition probability increases sharply with
the threshold value that prevented recall, reaching higher asymptotes
as T increases. High recall thresholds bury more information beneath
them than do low thresholds, and this difference appears in recognition tests.
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A further point of interest may be mentioned here. Suppose that 8
has some subjective measure or “awareness” of the size of R even when
it is below his threshold for recall. If this subjective measure is proportional to R, then it constitutes available information helping S to predict whether he could recognize the item he is presently unable to recall. A recent experiment by Hart (1965) is relevant to this suggestion.
He had his Ss estimate their “feeling of knowing” on items they could
not recall. Later multiple-choice recognition tests on the unrecalled items
showed that Ss chose correctly more frequently for items they felt they
knew (but could not recall) than for items they felt they did not know.
In terms of the theory, Ss demonstrated some ability to discriminate
among R values falling below the recall threshold. I n later experi-
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ments, Hart tried various means to induce Ss to try harder, or to make
more guesses on the recall test; in our terms, T was lowered. This
tended to cause a shrinkage in the differential recognition probability
of unrecalled items that S felt he knew versus those he felt he did not
know. This shrinkage is expected by the theory (cf. Eq.36 and Fig. 21).

D. PBOACTIVE
BIASESIN RECALL
In the previous discussion, it was assumed that in recall the motor-

output unit treated null-state components as instances requiring a guess
by randomly selecting one of the v values to fill in a t that component.
But suppose, on the contrary, that the assignment of values to unknown
(forgotten) components is biased by the past history of the memory
machine. In principle, there are two ways this nonrandomness could
be introduced. One way is based upon an accumulation of experience
(memories) in which components within the vector become highly intercorrelated (see the later discussion of redundancy). For instance, if
the values of components i and j are xh and xj,,, then the value of
component k over the past history has usually been xM. It is easy to
imagine that such intercorrelations would be used in recalling from a
trace in which component k has been forgotten whereas components i
and j have been retained. The other method of introducing bias would
have the value of a null-state component assigned according to its relative frequency of occurrence in past usage, independent of possible correlations of the value of this component t o the values of other components in the encoding system. This notion is similar to the “spew”
hypothesis of Underwood and Schulz (1960), where the output of a
structure is seen as more or less matching the statistical distribution
of inputs to it.
By either method, the bias in component-value assignments will tend
to produce leveling or “commonizing” in the recall of the system. The
recall of the system would tend to move in the direction of popular
stereotypes, away from any uniqueness of the memory trace of the original event. This aspect of the system reminds us of the research on
memory distortions carried out by Bartlett (1932) on stories, by Allport
and Postman (1948) on rumors, and by Wulf (1922) and many successors on recall of outlined drawings. Riley (1962) gives a fine review
of the later work.
Wulf’s hypothesis was that the memory of simple outlined figures
would tend over time to be autonomously reorganized in the direction
of making a “good Gestalt” figure. Thus, local irregularities, small gaps,
and slight asymmetries in the original figure would tend to be regularized in recall. Riley’s review summarizes the evidence critical to this
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hypothesis, which is not generally favorable. Of the distortions that do
occur in recall, Riley indicates two potent factors determining their direction: first, the way in which S encodes, describes, or labels the stimulus figure upon his initial viewing of it; and second, the proactive
influence of similar common figures (popular stereotypes) upon recall
of a unique figure, resulting in a commonizing in recall of the unique
figure. These same factors are regarded in the present system as important in determining the type of distortions obtained in recall.
If the trace is successively recalled, with long time intervals between
successive recalls, what is retained each time is some increasing fraction of the components recalled on the previous occasion. If the forgotten
components are filled in by using the bias in a way consistent with the
remembered components, the recalled pattern will change progressively
over the recall series. Thus, Bome aspects of the figure may be leveled
while other aspects may be %harpened.” The latter case could arise if
some unique component is retained and several related forgotten
components are assigned values consistent (correlated in the past) with
the unique component retained.
These are only qualitative implications of the memory system, and
to make them more exact would require more elaboration of the system
and its input than can be pursued a t present. The important point of
this discussion, however, is to show that the system has the potential
flexibility to deal with meaningful as well as random distortions in remembering.

E. RESPONSELATENCIES
IN RECALL
The system delivers reasonable predictions about recall l&tencies if
some elementary hypotheses about processing times in the motor-output unit are adopted. The memory vector retrieved and fed into the
motor-output unit consists of, say, z retained components and N - 2
forgotten components with null values. Suppose that in constructing (or
locating) a response to recall, the motor-output unit has to process each
of these N components, and each processing takes a variable (small)
amount of time. Suppose that the time taken to process a null-state
component has probability density function fn(t) and that the time to
process a retained (nonnull) component has density function f , ( t ) . So
much of the structure is relatively innocuous. The crucial assumption,
having several important implications, is that the mean processing time
is shorter for a retained component than for a null-state component,
since in the latter case the motor-output.unit has to make an additional
(random) decision about what value to assign to the forgotten component. Two immediately obvious predictions from this scheme are that
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as learning proceeds and more bits are retained, the average response
latencies become shorter, and that a t any given stage of learning the
average latency of correct recalls will be shorter than the average
latency of erroneous recalls.
There are several options to filling in details of this system. One option concerns the choice of the elementary processing-time distributions.
In the following we make the customary assumption (e.g., McGill, 1963)
that f,,(t) and fr(t) are exponential density functions with rate parameters u, and w, respectively. A second option concerns whether the
motor-output unit is viewed as operating by serial or parallel processing
of the N-component vector. A serial device would examine the components one at a time in serial order, and the time to respond would be
the sum of the separate processing times of the N components. A parallel device would examine all N components simultaneously and the response would finally 6e initiated only after all N components had completed processing; for such a device the time to respond is determined
by the slowest of the N processes. A few features of each system will
be derived using exponential density functions for the underlying disbutions of f,, and f,. These latency systems are similar to those investigated by Christie and Luce (1956). The difference is that they
assumed that the unit processing time was the same for all units,
whereas we must deal with a binomial mixture of two unit-processing
distributions.
1. Serial Processing

The time to respond with a serial device is the sum of the N separate
processing times. Assuming that x components are retained and N - x
forgotten, then the total time is the sum of x samples from f r ( t ) and
N - x samples from f,,(t). Let Mr(0) and M,,(B) denote the momentgenerating functions (mgf) for f r ( t ) and f,,(t), respectively. Because independent random variables are being summed, the moment-generating
function for the total time in this case is

M(O I R = X)

=

(Yr(0))Z(M,,(e))N-+.

(37)

To obtain the unconditional moment-generating function for the total
time, Eq. 37 is multiplied by the binomial probability that R = x and
then summed over x, yielding
N

M(e) = C
1-0

M I(R~= X) P(R = z),
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Equation 38 expresses the mgf of the total time in terms of the mgfs
of the elementary distributions and the memory parameters T and N.
An exponential density with rate u has mgf of (1- (e/u)) -I. Substituting these into Eq. 38 yields

By evaluating the first two derivatives of M ( 6 ) a t 6 = 0, the first two
moments are found to be

+ (1 - P)%-'],
Var(t) = N[Tu~-' + (1 + Nr(l - T)(u~-' - %-')'.
E(t) = N[mr-'

(40)
The probability density function corresponding to the mgf in Eq. 39
is not presently known since inversion proves difficult. However, the
mean in Eq. 40 gives the conjectured information. Since u,-l is smaller
than
by assumption, E ( t ) decreases as the retention probability
r increases. Also, since correct responses are more likely to occur when
R is high, and high R scores produce faster response times, the conditional mean latency will be less for correct recalls than for errors.
T)u~+]

2. Parallel Processing
The cumulative density function (cdf) is easily derived in this case,
but little else can be obtained without substantial effort. Suppose
there are x samples from f r ( t ) and N - 2 samples from f n ( t ) , and we
seek the cdf of the maximal (largest) element of the two samples considered together. Let Fr(t) and F,,(t) denote the cdfs of the elementary
densities f r ( t ) and fn(t). Since all N processes are carried out independently, when x is given the cdf of the time to the last of all N
events is

F(t I R = Z) = (Fr(t))"(F,,(t))N-'.
The unconditional cdf is obtained by multiplying the foregoing by
P(R = x) and summing, yielding
N

= Z)
= [rFr(t)

P(R

= z),

+ (1 - r)Fn(t)lN.

(41)
If an elementary distribution is exponential with rate u, then its cdf is
1- e-"'. Such may be substituted into Eq. 41 using the rates u, and u,.
Differentiating Eq. 41 then gives the probability density function for
the total t i e s .
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Calculation of even the expected value of t for the cdf in Eq. 41 has
proved difficult. It is known to be bounded in the interval

The upper bound is obtained when all N samples come from the slow f,,
density function and the lower bound when all come from the fast fc
density. Each is the mean for a “pure death” process (see McGill,
1963), giving the time until the slowest component has completed its
processing. Intuitively, E ( t ) will be something like r times the lower
bound plus 1 - r times the upper bound. If so, then the same qualitative
implications hold for this system as for the serial processor; that is,
response latency decreases as retention increases, and correct responses
occur faster on average than do errors in recall.
The times just derived describe only the processing time in the motoroutput unit. To these times must be added constants representing stimulus-encoding time, trace-retrieval time, plus apparatus constants.
These have not been explicitly mentioned before since they are the same
whether the response recalled is correct or incorrect. Differences in retention affect only the processing time of the motor-output system,
which is the system under study in the foregoing discussion.
The purpose of this discussion has been to show how the general system makes contact with data concerning recall latencies. The particular
assumptions used here (for example, that densities for unit processes
are exponential) are to be considered as illustrative. The qualitative
implications of the system agree with the findings of several investigations of latency in short-term recall (e.g., Atkinson, Hansen & Bernbach, 1964b; Izawa & Estes, 1965).

3. Reaction Time and Memory
For this system, the time to react to a stimulus will consist of the
following components: the time for the stimulus-analyzers to encode the
input stimulus, the time to retrieve the response trace to this stimulus
from memory and send it to the motor-output unit, the time for the
motor-output unit to decode the response vector, all plus a constant
that depends on physical characteristics of the effectors used and the
apparatus. To illustrate a few properties of this system, the serial processing device discussed earlier will be used. For such devices, the processing time is proportional to N , the number of components that are
to be processed.
Adding the times for the components just listed, the equation for
reaction time T is

T = (ET)

+ (RT)+ (DT) + C,
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where ET, RT, and DT are encoding, retrieval, and decoding times,
respectively. If all three processes are carried out by serial devices, each
process takes an average time proportional to N. Hence, the average
reaction time may be expressed as

T

= AN

+C,

(42)

where A is the sum of constants representing rates of encoding, retrieval,
and decoding.
The relevance of this reaction-time equation to memory is that correct recall probability, when retrieval and decoding are delayed until
some time after input, is also a function of N , namely,

P(C) =

(U)N.

If N is expressed in terms of the mean reaction time in Eq. 42 the relation between percentage correct recall and T is

P(C) =

(u)T--C’A

= u4T,

(43)

where 0 < 4 5 1. Hence, the longer the average time required to identify
(name or react to) an incoming stimulus, the poorer should be recall of
such units in a memory experiment.
Experiments supporting this conjecture have been reported by Mackworth (1963; 1964). She used different types of input materials, including letters, digits, colors, and geometric shapes, and measured average “reading time” (time for S to rapidly name the members of a series)
as well as immediate memory span for each set of materials. It seems
reasonable to suppose that the average time to read off Ic symbols of a
given set is proportional to the average reaction time to the individual
symbols. Hence, the time taken to read a fixed number of symbols is
proportional to T in Eq. 43. Consistent with Eq. 43, Mackworth found
that the probability of correct recall of elements of a string of k symbols decreased with their average reading time. Mackworth measured
memory span, and the complexities of that measure preclude an exact
relation to the P ( C ) in Eq. 43, which is the retention probability for an
individual symbol with a particular lag between its input and recall.
However, expected span would clearly be a monotone increasing function of P ( C ) . Hence, Mackworth’s data, showing longer memory spans
for materials that could be read faster, provides qualitative confirmation of Eq. 43.
I n passing, it may be mentioned that the reaction time Eq. 42 is consistent with results reported by Hick (1952), Hyman (1953), and
several others investigating multiple-choice reaction time. The finding
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is that mean T increases with the number of equiprobable response
alternatives K approximately as log K . To apply the theory to this
situation, assume that N is chosen by S so as to provide a reasonably
efficient coding of the K alternative stimuli and responses. That is, R
is to be expressed as

K

=

BVNb

where B is a proportionality constant representing the e5ciency of the
coding system, v = g-l, and Nkis selected by S. For any coding system
employing N k components, the mean reaction time TI,
in Eq. 42 is a
linear function of Nk.Hence K may be written as

K

= BV(TrC)I~

By taking logarithms of both sides, we find that

+

b b’ log K,
where b and b’ are nonnegative constants. Thus, mean reaction time
with K alternatives increases linearly with the logarithm of K. This is
approximately the result reported by Hick and Hyman.
The relation just derived follows only if it is likely that the conditions force S to modify his “natural” coding system to deal more efficiently with the set of stimuli and responses actually used in the
experiment. Natural coding system here refers to that used and overlearned throughout s’s past history in dealing with the entire ensemble
of events of which the experimental presentation-set may compose only
a small fraction.

Tb

VI. Repetition and Redundancy in Trace Formation
A. ALTERNATIVE
REPRESENTATIONS
OF TRACE
REDUNDANCY
Various information theorists have pointed out that sensory events
contain much more information than is required to specify the initiating
stimulus uniquely from a known ensemble. In fact, the sensory transmission system is often described (e.g., Attneave, 1954; Barlow, 1959)
as a filter that makes use of redundancies to discard part of the sensory
inlow of information. And Brown (1959) has suggested that a memory
trace of an event will, a t least initially, contain some of this redundant
or excess information. To the extent that redundant information is
stored in a memory trace, accurate recall of that trace will be facilitated.
Within the proposed system there are basically two ways to represent
information redundancy in an individual memory trace. Possibly both
operate together, but they will be presented as independent methods.
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One representation of redundancy supposes that more information components are encoded and stored in the memory trace than are minimally
required to select the initiating event from its appropriate ensemble.
This will be called the excess components idea. The other idea is to represent redundancy in terms of intercorrelations among the component
values of a trace; thus, if components i and j are highly intercorrelated,
then retention of either one will s d c e for recall of both. This will be
called the intercorrelation idea.
1. Excess Components

Here it is supposed that S initially encodes an event and stores i t in
memory in terms of N K information components, although in fact
only N components are required to reconstruct or select the item from
the test ensemble. The number of excess components K is then a measure of the initial redundancy of this individual trace. For simplicity in
the following, it is assumed that the N K components are “interchangeable” in the sense of providing equal information toward selection of the correct response.
If the components are forgotten a t the same independent rate, the
number of components retained is distributed as

+

+

P(R = z) = ( N

;R)P(1 -

r)N+K-=,

(44)

One crucial influence of the excess components is that they modify the
response rule. Using the null-state interpretation of forgetting, suppose
that if N or more components are retained, then the null states are ignored in constructing a response. This means that recall will be perfect
until more than K components have been forgotten. Formally, the response function when x components are retained is

Using this response function in conjunction’ with the retention distribution in Eq. 44, we find that the expression for the unconditional
probability of a correct recall is
N K

P(C) = 2-0
k P ( C I R = z)P ( R = z),
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This expression cannot be appreciably simplified. The second sum is the
probability above N in the upper tail of the binomial. The f i s t sum can
be rearranged so that it is a constant times one minus the tail of a
different binomial distribution.
Some graphs of Eq.45 are shown in Fig. 22a and 22b. The theoretical

Retention Interval :t

Fro. !22. The effect on recall probability of storing K bits of information in excess
of the N required to specify the response. The ~ ( t function
)
is a linear descent to
sero at t = 20. The curves differ in N and K.

values for the curves are r ( t ) = 1- .04t, g = .25, N = 4 or 8, and the
parameter varying between curves is K, the redundancy or number of
excess bits. The average recall probability increases with R. Of more
interest is the fact that as K increases, the recall function approaches
an S-shaped curve. The initial plateau of the S curve becomes longer as
K increases, since K is the number of excess components that can be forgotten before recall begins to fail. The S curves in Fig. 22a and 22b are
of interest because such curves have been obtained in several investigations of short-term memory (e.g., Hellyer, 1962; Peterson, 1963).
No detailed discussion of the implications of this redundancy scheme
for performance on recognition tests will be given. It is clear that an
increase in K will improve recognition generally. This is obvious from
Eq. 29, which shows that the scaled mean difference between the match
scores of old and new items increases directly with the square root of
N,the number of components in the memory trace.
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2. Intercorrelated Components
An alternative representation of redundancy supposes that some of
the components in the memory trace are highly intercorrelated. Two
components are said to be correlated (or redundant) if knowledge of
the value of one component enables one to predict the value of the
other. The advantage of this correlation for memory performance is that
both components can be produced if either one is retained. Whereas
two independent components have probability r2 of being both retained,
two perfectly correlated components have probability 1 - (1 - T ) =
~ 2t
- r 2 of being both retained. Thus, the presence of intercorrelations
among the components will increase the amount recalled, and to an extent depending on the number and pattern of intercorrelations.
Although this general approach appears attractive, we confess an inability to develop it to any great extent. There are several decisions to
be made in any formal representation. These include the questions of
whether nonunity correlations are to be permitted ; whether all correlations are symmetric (go in both directions) ; whether multiple or only
pairwise correlations of elements are admitted; and so forth. Even the
simplest assumptions-pairwise, symmetric correlations of unity-encounter the basic problem of how to represent conveniently the over-all
pattern of intercorrelations existing in a trace. Recall performance will
depend on this precise pattern, and a simple index, such as the number
or proportion of component pairs correlated, has no unique relationship
to recall. The analytic problem is of a kind encountered in graph theory
(Harary, Norman, & Cartwright, 1965) , where k intercorrelation lines
are distributed at random among N points. The connectivity or clustering of the points determines recall when some (random) components are
forgotten. Particular cases (patterns) can be enumerated and consequences worked out, but this is neither an elegant nor illuminating attack upon the general problem. The most general statement possible is
that such intercorrelations will increase the average retention probability T in some complicated way depending on the amount of redundancy present.
Adding to this analytic difficulty, a possible conceptual difficulty of
this approach may be mentioned. An intercorrelation between two components would seem itself to. require a memory trace. That is, the correlation represents knowledge derived (remembered) from past experience with a particular population of stimuli, and it seems that such
correlative knowledge should be explained rather than taken as a primitive postulate in a theory of the memory trace. Possibly this objection
c a n be sidestepped by supposing that the correlative knowledge does
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not “reside” in the individual memory trace, but rather is added to it
(at forgotten components) when it passes through the rnotor-output
unit. This unit could bias the assignment of values to forgotten components of a trace by reference to the statistical distribution of that
component value in other traces it holds in its memory store.

B. THEEFFECTS
OF REPETITION
It is well known that repeated study trials on an item increase ita

retention. To mention just one illustration, in an experiment by Hellyer
(1962), S saw either 1, 2, 4, or 8 successive presentations of a verbal
item before he began an interpolated activity filling a retention interval
of from 3 to 27 sec. Hellyer found that repetitions slowed the rate of
decay of recall probability and increased the apparent asymptote of the
recall curves. A similar effect can be produced by increasing the duration of a single study interval on an item before interpolated activity
begins.
Such effects may be interpreted in the system by supposing that repetitions increase the effective retention parameter. Two general hypotheses may be suggested to account for this increase. One is that repetitions increase the internal redundancy of the memory trace, the notion
just discussed. Such increases in internal redundancy would elevate the
average retention. However, as was noted before, no specific consequences have been derived from this type of hypothesis.
An alternative and more tractable hypothesis supposes that repetitions or increases in study time result in multiplexing of the trace,
by which we mean that the whole trace or components of it are copied
several times in the memory banks. Suppose that the initial study time or
the number of uninterrupted presentations (as in Hellyer’s experiment)
is such as to allow z copies of a given component to be recorded. If all
components are so copied, then the trace system would be best represented as a z by N matrix with identical rows. Assume that the several
copies of a component fade out randomly and independently with retention probability r, and that a component’s value will be assigned correctly if any one copy of it is retained; then, the more copies made,
the greater the probability that a t least one is retained, leading to the
assignment of the correct value to that component. Let p , denote the
probability that a component represented by z copies is retained; it is
p , = 1 - (1 - 7 ) s .

(46)

There are several schemes for generating the 2’s. A simple and general scheme that contains several special cases of interest is the following binomial process: during the study time available after input of an
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N-bit vector, the system makes k attempts to copy each component,
each attempt producing a successful copy with probability c. Thus, the
total copies available at the end of this period is one (the original
input vector) plus z - 1 excess copies, where z - 1 is binomially distributed with parameters k and c.
The N componente will probably be copied differing numbers of times,
and for each z value Eq. 46 gives the retention probability of that component. By a derivation too lengthy to include here it may be proved
that the distribution of the number of retained components is given by

P(R = z)
In this expression, P(E = z - 1) is the binomial probability that z - 1
excess copies are made, where z - 1 ranges in value from 0 to k. The
terms inside the two brackets sum to one. Since each forgotten component is guessed correctly with probability g, the recall probability
will be

-

{ZP(E = II

- l)[g 4- (1 - g)p.]lN.

(48)

Substituting into Eq. 48 the expression for p , and the binomial probabilities and simplifying, we obtain the desired final result, namely,

-

P(C) = [1 (1 - 7)(1 - g)(l - C7)qN.
(49)
The parameters k and c represent the rate and efficiency, respectively, of
the multiplexing system. If either k = 0 or c = 0, then no excess copies

are made and Eq. 49 reduces to the former expression for recall of a
single input copy.
For c = 1, each component is copied exactly k times and the forgetl.
hypothetical curves of Eq. 49 with
ting probability is (1 - ~ ) & +Some
c = 1 are shown in Fig. 23s and 23b. In Fig. 23a, the retention parameter r(t) is assumed to decline linearly to zero according to 1 - .04t. The
other parameters are N = 6, g = .25, and the amount of multiplexing k
increases from 0 to 4 across the various curves. The quantity k would
be expected to increase with study time or with the number of uninterrupted presentations. The recall functions in Fig. 23s increase with k
and become positively accelerated with longer initial plateaus the larger
k is. The functions in Fig. 23a asymptote near zero because the r ( t )
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Retention Interval. t

Retention interval

:t

(b)

FIO.23. The effect on recall probability of multiplexing the trace K t h e e . In
- .Mt, asymptoting at zero when t = 25; in (b)
the retention function is 25 + .75(.8)'.
(a) the retention function is 1
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function is assumed to go to zero. Figure 23b shows curves for an r ( t )
function that has a nonzero asymptote; that is, ~ ( t =
) .25 .75(.80)’.
I n this case, the asymptote of C ( t ) increases in approximately exponential fashion with k, the amount of multiplexing. These curves are similar
to those reported by Hellyer.
If this scheme were applied to spaced repetitions of an item with interpolated activity between successive presentations, then lc would be
assumed to be proportional to the number of presentations and c would
be interpreted as the probability that a given copy is retained between
successive presentations. In fact, c would either equal T or be some simple function of T . By making k (the number of trials) large enough,
the probability of correct recall in Eq. 49 can be brought arbitrarily
close to unity. Such a system also provides an interpretation of the beneficial effect on retention of overtraining provided after response probability has reached unity. If the intertrial interval is relatively short,
then r will be high, and a few copies will suffice to keep short-term recall probability near unity. However, the benefit of extra copies induced
by overtraining would appear upon testing at a long retention interval,
when T has a lower value.
This multiplexing scheme has been developed because it is a simple
way for a memory device to improve its component memory ( p a ) without
changing the reliability of its single memory units (the copies). That is,
by multiplexing and pooling many unreliable memory units, the entire
system can become very reliable. The simplest alternative to this scheme
is to suppose that the parameters of the single unit change in a direct
manner with repetition. For example, in Eq. 6 for r ( t ), it would be supposed that the asymptote J increases directly with repetition. But auxiliary assumptions would be required to describe such changes.

+

VIII. Perceptual Recognition of Degraded Stimuli
A. SIMILARITY
OF MEMOBY
TO RECOGNITION
OF NOISY
STIMULI
In the following, some possible contacts between this model of memory and results concerning immediate perceptual recognition of stimuli
embedded in noise backgrounds are suggested. In the foregoing discussion of memory it was assumed that the input event was faithfully encoded and then was degraded by forgetting. Metaphorically, forgetting
introduces “noise” into delayed recognition of the original faithful recording of the input event. A model of perceptual recognition in noise
may perhaps be found by analogous reasoning: a particular signal or
message is sent over a noisy channel to the N stimulus-analyzers to be
encoded, but while in the channel the signal is degraded to various de-
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pees so that what is finally encoded by S bears only a probabilistic
resemblance to what was sent.
Several alternative models can be developed along these lines; a
promising one, based on a random-replacement interpretation of degradation, will be illustrated. It will be supposed that when sent over a
perfectly noiseless channel the signals are encoded into N (say, binary)
components. The set of analyzers that actually perform these conversions can, of course, be quite complicated. For example, in speech recognition the input signal is actually a time-varying frequency-amplitude
spectrum of very complex nature, and it is a di5cult (and as yet, only
partially solved) scientific problem to design a system of analyzers that
can extract from a population of such signals the relevant phonetic parameters and exclude various irrelevant aspects (such as the speed and
intonation of speech). However, available models of speech recognition
(e.g., Forgie & Forgie, 1959; Halle & Stevens, 1964; Stevens, 1960) do
propose a set of analyzers whose function is to perform by one or another means this conversion of a continuous time-varying spectrum into
a discrete listing of the phonetic parameters of the input. Our concern
here is not with the nature of the analyzers themselves, but rather with
their joint output, considered as a list or vector of N binary components.
When a signal is sent over a noisy channel and then encoded, it will
be assumed that some components are faithfully (correctly) recorded,
whereas other components are distorted and incorrectly recorded. Let h
denote the probability that the component value sent is encoded correctly, and 1 - h the probability that the encoded value differs from
the one sent. If the encoded representation were to be matched component by component to the item sent (or rather, to what would be the
encoding if h = 1 and there were no distortions due to noise), the number of matches would be binomially distributed with parameters N and
h. I n this system, h is a measure of the fidelity of the channel, decreasing as the signal-to-noise ratio is decreased. The h parameter plays the
same role as r, the retention parameter of the memory system. The reasonable bounds on h are .5 5 h _< l, the lower bound being obtained
only when the signal : noise ratio is so low that no information whatever is conveyed by the signal.
Three aspects of this system will be considered. The first concerns the
effect on recognition accuracy of the number of alternative signals,
wherein selection of a response is from the entire ensemble of possible
inputs. The second concerns the effect of experimentally restricting the
set of response alternatives after the signal has been received; this restriction has a large effect on the percentage of correct choices (recognition accuracy) almost independently of the size of the ensemble of sig-
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nals that could have been sent. Finally, the information transmitted by
the response will be related to the information contained in the stimulus
ensemble. The following discussion will be clarified if a particular experimental situation is taken as a referent. These purposes are served
by an experiment on auditory recognition by Pollack (1959) : an S with
earphones monitors a channel into which white (Gaussian) noise is
continuously introduced and at discrete intervals, or trials, a warning
signal comes on and is shortly followed by a spondee (a two-syllable
word like “backbone,” “doorstep,” or “hothouse”) spoken into the channel by E. The S then selects what he thought he heard from a list of
alternatives provided to him.

B. RECOQNITION
~ C C I J R A C Y AND

THE

SIZEOF THB S-R ENSEMBLE^

Consider first the accuracy of immediate recognition responses when
selection occurs from all possible alternatives. Suppose there are 2N possible input signals and that E has provided S with a unique identification function relating the correct response to the signal sent, that is,
there are 2N response alternatives. The identification function is in fact
a list of paired associates in memory, relating the encoded stimulus to
its correct response. The stimulus is encoded by the perceptual system
as a vector of N binary components; call this the image for convenient
reference. The image may be distorted somewhat from the correct representation of the signal sent. The likelihood that the image is completely
accurate is hN. If it is inaccurate in one or more details and the response
alternative corresponding to this inaccurate image is available on the
choice test, then it will be chosen and the response identifying the signal sent will not be chosen. Hence the probability of a correct response
from an ensemble of 2N alternatives is just

CN = h N .

(50)
Thus, accuracy of recognition declines with the number of alternativee,
and declines a t a rate depending on the signal-to-noise ratio. This is
true; the decline in accuracy with increasing numbers of alternative signals is one of the best-documented facts about perceptual recognition
(e.g., Garner, 1962).

C. REST~ICTIONS
ON

THE^

RESPONSIO
Sm

Consider first the effect of restricting the response alternatives to just
two. That is, one of 2N possible signals is sent, but on the test S ie
to choose only between this one and a second (distractor), chosen by E
a t random from the remaining 2N - 1 alternatives. It is supposed that
the image is matched component by component to the two test alterna-
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tives. That alternative yielding the higher match score is chosen; if the
match scores of the two alternatives tie, then a random choice is made.
The match score of the image to the signal sent is binomially distributed with parameters N and h. The match score of the image to the
distractor depends on the particular distractor chosen as well as the
number of changes occurring in the image. Depending on these variables,
some distractors may be always chosen in preference to the correct alternative, others never, and still others half the time. For the Pollack
(1959) experiment, the distractor used was selected a t random from
the remaining 2N - 1 alternatives, and the percentage of correct choice8
was averaged over the various tests.
To show the calculations from the theory for this experiment, suppose
there are four alternative signals ( N = 2) and the binary states of each
component are labeled 1 and 2. Suppose that the signal sent is (1 1).
The four possible images are shown in the first column of Table 11; the
second column gives the probabilities that each of these images is received when (1 1) is sent. The entries in the next three columns represent the probability that the correct alternative (1 1) is chosen, given
that the test distractor is as indicated a t the top of the column. Testa
involving these three distractors occur equally often, with probability
s/. The final column gives the average probability of a correct choice
given that a particular image is received, assuming that the distractor
is randomly chosen.
TABLE I1
PROBABILITY
OF CORRECT
CHOICXI
RELATEDTO
IMAQE
RXCEIVEDAND TESTDIBTRACTORO
Imsge

Test distractor

received

Probability

11
12
21
22

- h)
h(l - h)
(1 - h)'

a

h(l

h*

12

21

22

1

1
1
0

1
.5
.5

0
1

0

0

Average proh>.bility
of correct r'loice

0

1
.5
.5
0

The correct coding of the stimulua Bent is 1 1.

For this case, the over-all probability of a correct choice is seen to be
p2

= ha

+ h(1 - h).5 + h(1 - h).5 = h.

Now h is also the probability of correct recognition when the stimulus
ensemble consists of only two possibilities. Hence, we conclude that
when the response set is restricted to two members, the probability of
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correct recognition is the same (namely, h) whether the stimulus sent is
one of 2 or 4 possibilities.
It would be convenient if this result held for any N, but this unfortunately is not the case. By enumerating the possibilities in tables
similar to Table I1 but for N = 3 and N = 4, the probability of a correct choice on the binary test is found to be
Pa = -7
6h

2h

p4 = 3

+

4

(3 - 2h),

hz
+x
(3 - 2h).

Cases for higher N's have not been enumerated because of the excessive
labor involved, so no basis for inducing a general formula is provided.
The important feature to be noticed is that pa and p4 give values
that are practically equal to h in the range from .5 to 1.0. They are
greater than h by only about 2 or 3 percentage points even a t their
maximal discrepancy. In practice, such small differences cannot be discriminated experimentally. Hence, to a first approximation we have

pN%h.
(51)
That is, the probability of a correct identification on a two-choice test
is approximately independent of the size of the stimulus ensemble.
Tests of Eqs. 50 and 51 from Pollack's (1959) data are shown in
Figs. 24a and 24b for two different signal : noise ratios (different h
values). The graph for signal-to-noise (S/N) = -15 db is the average
of two such conditions run by Pollack (panels 1 and 3 of his Fig. 7).
The open circles are the proportion of correct identifications on twochoice testa; their relation to the size of the possible message set is well
described by the horizontal line a t the mean value. This is the implication of Eq. 51. The black circles depict the proportion correct when the
choice is from all 2" alternatives, and these are well described by the
h" function of Eq. 49. The h parameter was estimated from the mean
value of the two-choice points (the horizontal lines in Figs. 24a and
24b) ; as expected, the h estimate is lower for the lower signal :noise
ratio.
The case just discussed involved restriction of test responses to only
two of the 2N possible response alternatives. To a first approximation,
the percentage of correct choices was found to be h, relatively independent of the size of the ensemble of possible stimuli. But suppose
that I alternatives are present on the .test, corresponding to the message sent plus 2'- 1 distractors chosen at random from the remaining
2N - 1 possibilities. Although exact equations have not been worked
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Fro. 24. Probability of correct identification related to the she of the message
aet r (2, 4, . . . , 64) or the number of bits in the mesmge set N(1, 2, . . , 6). In
each case, the horizontal line and open dots represent the predicted and observed
values, respectively, when the choice is restricted to two alternatives. The decreasing
curve and black dots are the predicted and observed values when choice is from all
2y alternatives. The signal : noise ratio (S/N) is indicated on the two figures. Graphs
adapted from Fig. 7 of Pollack (1959).

.

out for the general case, it seems intuitively clear that the theoretical
percentage correct will be of the approximate magnitude of h' when the
choice set is restricted to 2' alternatives. This relation is exact for
N =2. The fit of this approximation equation to some of Pollack's
(1959) data is shown in Fig. 25. The size of the message set varied
from 2 to 64 and, independently, the size of the set of response alternatives was varied from 2 up to the number of possible messages.
In general, accuracy decreases with the size of the response set but,
holding constant the size of the response sell accuracy is relatively
unaffected by the size of the message set. The mean values for each response set (drawn from the middle panel of Pollack's Fig. 2) are indicated by horizontal lines. The value predicted for 2' response alternatives comes from the formula h'. With the exception of the 64-response
data, the function h' provides a satisfactory fit to the mean accuracy
scores. Pollack mentioned that half of the words in the 64 set were
new and relatively unfamiliar to the Ss, so performance to this full set
may not be completely comparable to that obtained from subsets of
the other (familiar) set of 32 words. That is, in Fig. 25 the experimental points for the 64-message set are usually lower than predicted.
From Pollack's results in Figs. 24 and 25, it is clear that the largest
effect is that due to the number of alternative responses and not the
number of possible stimuli. In discussing these and similar data, Garner
writes :
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But one thing does seem very certain, and this k that some sort of matching
operation goes on, and that the larger the number of categories to be matched
against, the greater the possibility for error or apparently faulty perception. We CBIL
aay that the perceptual confusions among the set of possible responses increase aa
we increase the number of such responses, and that these confusions contribute to
errom of recognition. We are, in other worde, not dealing with relatione between
atimuli which are present and those which are noCrather we are dealing with
relations between reeponsea all of which are preaent and must be chosen from
(Gamer, 1962, p. 38).

1

loo

i
32

0

-\

I
2

4

8

16

32

64

Size of Message !Set

F I ~26.
. Probability of correct identification related to the size of the m e a g e set.
The number beside each horicontal line ia the number of r a p o m alternatives on the
choice test and the flat line is the average of the values for that size of reeponse set.
The arrows indicate the predictions of the mean values. Graph adapted from the
middle panel of Fig. 2 of Pollack (1969).

The model presented here seems to be an appropriate formalisation of
Garner'a ideas. That is, S is viewed as matching his image (percept) to
the image appropriate to each of the available response categories, and
selecting that response category whose image best matches the percept.
And as the number of response alternatives increases, there is increasing likelihood that some distractor will match the percept better than
does the correct alternative.

D. INFOBMATION
TRANSMITTED
BY IMMEDIATE
RECOGNITION
To complete this discussion, the theoretical relation between input

information and transmitted information will be derived, where choice
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is from the entire ensemble of 2N alternatives. The derivation follows
lines similar to that for the memory model with the exception that a
null-state interpretation of degradation was used there, whereas the
present development uses a random-replacement interpretation. As before, when any stimulus AC is sent, the 2N response alternatives may
be partitioned into N 1 subsets, SCfor i = 0, 1,
, N , where each
of the (7) members of S4 have the identical probability h'(1- h)N-C.
Following through the derivations as before, we find the contingent uncertainty to be

+

...

U(R : A ) = N[1 - h l n h - (1 - h) In (1 - h)],
=

NJ.

Thus transmitted information is proportional to the input information.
The coe5cient J depends on the fidelity parameter h in a reasonable
way: when h = 1, J = 1; when h attains its lower bound of .5, J = 0;
and for intermediate values of h between .5 and 1, J is likewise of
intermediate value between 0 and 1. To check the validity of Eq. 52,
a study on the intelligibility of words spoken over a noisy channel may
be considered. Using intelligibility (recognition accuracy) data from an
experiment by Miller, Heise, and Lichten (1951), Garner (1962, p. 80)
calculated contingent uncertainty scores and plotted them against information input (the logarithm of the size of the message set). The
information transmitted increased linearly up to some limit, then leveled
off. The slope of the line was lower with lower signal : noise ratios
(lower h values in Eq. 52). The leveling off of the functions may be
interpreted as reflecting a limiting channel capacity-in our terms, a
limiting value of N , Nmnrfor this particular kind of ensemble. Equation 52 implies that the asymptote of transmitted information is
JNmn,,which is lower for smaller signal : noise ratios. This was true for
the data plotted by Garner.
The preceding discussion illustrates how the general multicomponent
model can be developed to deal with perceptual recognition experiments. The particular model presented requires considerably more exploration and thought. For example, one of its obvious failings is that
it cannot handle confidence-rating data when all 2N alternatives are
available on the test. Moreover, it supposes that each feature (component) is recorded faithfully with the same probability h, thus leading to symmetric confusion matrices, but this is a gross approximation
sufficient only for certain limited purposes. However, more elaborate
alternative models can doubtless be developed along the same general
lines. The purpose in carrying through this analysis was to show that a
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multicomponent theory views memorial and perceptual distortions
caused by noise as being characterized by similar principles.
This paper began with the assumption that memory and perception
are closely related. The relation of memory to perception was illustrated
by Conrad’s (1964) experiments showing that recall confusions are similar in manner and distribution to perceptual confusions about a noisy
(degraded) stimulus. I n this section of the paper, we have returned to
and developed that point by treating perceptual recognition in theoretical terms that were first used to describe memory.

VIII. Commentary
A. RELATED
WORK
A variety of consequences of the multicomponent representation has

now been explored; the general idea seems indeed to have a diversity of
implications. To place the theory in somewhat better perspective, recent similar or related work will be briefly discussed. Essentially the
same hypothesis about memory has been proposed and researched by
Bregman (cf. Bregman & Chambers, 1966). In his experiments, done
with explicitly “dimensionalized” geometric figures varying in shape,
color, and so on, Ss were shown particular patterns and told to remember the attribute-values conjoined in each pattern. Later tests of
memory via reconstruction of the patterns, with additional guesses following errors, established presumptive evidence that S remembered and
forgot single attributes of a pattern in an all-or-none manner. Memory
test performance to a multidimensional pattern appeared graded, of
course, because it was composed of several all-or-none units that could
be remembered independently.
The relation of the multicomponent theory to the “one-element”
model for associative learning (Bower, 1961a; Estes, 1961) is clear: the
one-element model is a special case (namely, N = 1) of the multicomponent model. From a survey of research on the one-element model
(Bower, 1964), it is clear that it fits learning data best only when there
are two response alternatives. With more than two response alternatives, the data typically show “increments,” or partial learning that
goes on before a learning criterion is reached. Such a pattern of results
is the outcome expected by the multicomponent theory.
The multicomponent theory is formally similar to models used by
Crothers (1964) and Bower (1961b; 1964) to handle what they called
“compound response learning.” To illustrate, in one experiment by
Bower (1964), Ss learned a 20-item paired-associate list in which the
four response members were Al, A!2, B1, and B2, consisting of two or-
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dered binary components. Backward learning curves and other analyses
of precriterion responses gave presumptive evidence that the (A, B)
and (1, 2) components were separately learned and retained in an allor-none fashion. The precriterion increments in the probability of the
correct compound response were apparently related to the learning of
one response component before the other. I n that experiment, the encoding of the response ensemble was sdciently obvious to permit a
direct decomposition of the total response into elementary components
that were being learned and retained in all all-or-none fashion. As for
the general multicomponent model, the probability of a correct compound response was equal to the product of the probabilities that the
separate components were recalled correctly.
The relation of the multicomponent theory to the stimulus fluctuation
theory of forgetting proposed by Estes (1955) and modified by Izawa
and Estes (1965) may be noted. Estes proposed that the N , stimulus
elements available when a reinforcement occurs become conditioned to
the reinforced response, but during a retention interval any element in
the available set may be interchanged with one of the N‘, elements
that was not present a t the time of the reinforcement. If these intruding
elements from the N’, set have not previously been conditioned, they
will tend to lead to the correct response with only a “guessing” probability g. Letting r ( t ) denote the probability that an element available
at the time of reinforcement is still available a t time t later, we
can write the probability of the correct response a t time t as

C(0

= r(t>

+ g(1 - r (0 ) .

(53)

This is obtained by averaging over the N , elements currently available,
of which a number N,r(t) were available and conditioned a t the time
of the previous reinforcement and a number N,(1 - r ( t ) ) were unavailable then but have intruded during the retention interval.
The C ( t ) function in Eq. 53 is the same as the u ( t ) function of the
multicomponent theory in Eq. 7. Moreover, the r ( t ) function that Estes
(1955) derived from stimulus fluctuation theory is the same as Eq. 6
derived earlier from different considerations. Whereas’ stimulus sampling
theory expresses C ( t ) as an average over the N , available elements of
their probabilities of correct association, the multicomponent theory expresses C ( t ) as the product of the N component probabilities. The response rules are the same when N = 1, but not otherwise. For the multicomponent theory, g is a constant and r ( t ) increases with successive
repetitions; for the fluctuation theory, r ( t ) is a constant and the effective g in Eq. 53 increases with repetitions. But since r ( t ) and g
enter Eq. 53 in exactly the same way, these alternate descriptions are
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indistinguishable mathematically. Thus it would appear that predictions of average response probabilities for the multicomponent theory
with N = 1 can be made identical to those of fluctuation theory. They
will differ, however, in predictions of conditional probabilities of responses over several tests (that is, the RTT paradigm of Estes, 1960).
Finally, the multicomponent model may be compared to the “continuous-strength” model for recognition memory suggested by Egan
(1958) , Murdock (1965) , Norman and Wickelgren (1965) , Parks
(1966) , and developed more formally and extensively in a paper by
Wickelgren and Norman (1966). The common approach of these investigators has been to apply to recognition memory essentially the
same concepts as used in TSD, the theory of signal detectability
(Swets et al., 1961). I n terms of specific assumptions, it is supposed that
putting an item into the memory store establishes a trace characterized
by a numerical “strength” that decreases with forgetting. Whenever
this trace is retrieved on a test trial, its strength is subjected to random variations due to noise in the system. These noise variations are
presumed to be continuous and the strengths of memory traces so varied
are presumed to be normally distributed. Moreover, it is presumed that
new items, not previously put into memory, nonetheless have, because
of stimulus generalization, a memory trace existing at a certain strength,
and these are assumed to be normally distributed. Finally, the average
separation between the distributions of strengths of new and old items
is assumed to vary with the amount of retention and the dissimilarity
of the two sets of items. By such postulations, TSD is carried over for
application to recognition memory-specifically, to account for MOC
curves.
The main difference between the continuous-strength approach and
the theory proposed here is one of strategy. The continuous-strength
theory simply postulates a particular decision structure (corresponding
to TSD) for recognition memory. In contrast, the multicomponent theory
provides a rationale for deriving this decision st+ucture from mote elementary assumptions. Because of their wider range of application,
these elementary assumptions obtain evidential support from other
sources besides the shape of MOC curves for recognition. Also, in providing a rationale for TSD in recognition memory, the multicomponent
theory eliminates some of the awkward or inelegant postulations required by the continuous-strength approach.

B. SOME CRITICISMS
In developing a theory, the alternate role of a critic of the developments must also be adopted. There are a variety of criticisms that
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can be lodged against the specific theory outlined here. Many concern
the incompleteness inherent in any ,initial formulation, or indicate the
need to admit further complications to the first simple representation
explored (for example, the components may be forgotten at different
rates or have different guessing probabilities). Incompleteness or even
ambiguity in certain respects is to be expected here since, as mentioned
a t the outset, the proposal deals with really only one aspect of the
memory problem, namely, representing a possible logical structure of the
memory trace. But to say that a preliminary theory is incomplete, idealized, or even occasionally ambiguous is not to say that it is dead wrong,
but rather than it requires further thought and elaboration. Of the several incompletenesses of the present formulation, two particularly vexing ones will be discussed.
The first concerns the parameter N , the number of information components encoded by the stimulus-analyzers and stored in memory. For a
given population of stimulus materials (such as nonsense syllables) ,
what approximately is NP Is N a fured constant determined by the past
perceptual learning of S in dealing with materials of a given type, or it3
it an elastic variable that can be adjusted on the spot to efficiently
encode the limited ensemble of materials that happen to be selected
for experimental use? For a given item in a constant ensemble, does
N remain stable or does it change systematically over the course of
learning? What, if any, difference in N exists for encoding integrated
versus nonintegrated strings of symbols (such as DOG versus OGD)?
Such questions cannot be answered now with any definiteness or assurance. They are really questions concerning the operation of the pattern-recognition machine in Fig. l-whether and how its operations
can be modified by knowledge in the memory stores. It will be recalled
that at the outset of this paper the operation of the pattern recognizer
was left deliberately vague; this vagueness is necessary because no
completely adequate model of pattern recognition is known (cf. Gyr,
Brown, Willey, %I Zivan, 1966, and Uhr, 1965, for a review). The only
assumption made about the pattern recognizer was that its output
could be characterized as a list of features or information components.
More specific assumptions about its operation can be explored for
their consequences in the memory system. For example, a likely assumption is that the pattern recognizer groups or segregates the experimental
stimulus materials into elementary functional units (such as alphabetic
letters of a trigram), which it treats as the units for encoding and
identification. According to this view, presentation of the visual trigram
OGD would initiate three separate identification and storage operations. An 0 would be identified in position 1, leading to storage of the
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trace (Pl, C ( 0 ) ) , where C (0) would be a list of the distinctive
phonetic features of saying 0 to oneself; G and D would be similarly
identified and stored in association with markers for positions 2 and 3.
Thus, the compound trace system storing OGD ‘would be represented
88 [ ( P l j c ( 0 ) ) j (pa, C(G))i (p31 C ( D ) ) I J where C(O)J C(G)i and
C(D) are vectors describing phonetic features of saying 0, G, and D,
respectively.
The problem with this naive approach is that the elementary units
for storage will change as the material goes from nonsense to meaningful words. Thus, the grapheme DOG, although initially identified in
terms of its letters, would be given a secondary phonetic coding, the
distinctive features of saying “DAHG,” and this shorter secondary code
would be stored. Because this code is shorter than the three-letter code,
forgetting is less and learning faster. This view agrees with the finding
(Underwood & Schulz, 1960) that the pronounceability of a trigram corelates highly with its rate of being learned. However, this view simply
assumes that the encoding units change without really explaining why.
It does not dispose of the deus in the perceptual machina. The
conceptual problem remains and probably will continue thus until more
substantial progress is made on theories of pattern recognition.
C. POSSIBLYJ
RETRIEVALSCHEMEB
1. Stimulus Confusion Errors

The second incompleteness of the theory that requires mention regards retrieval of the memory trace. The derivations have proceeded on
the naive view that the retrieval mechanism (whatever it is) operates
perfectly, always pulling out the appropriate memory trace for recall
or comparison to a test stimulus. Moreover, only cued retention tests
(such as paired associates with distinctive stimulus members) have been
explicitly considered. These simplifications were introduced into the initial formulation to see what types of retention data were explicable in
part by assumptions only about the structure of the memory trace. A
more complicated but realistic retrieval mechanism for cued retention
tests can be elaborated (cf. Bower, 1964). Given storage of the pairs
S1-R1, Sa-R2, and so on in .terms of compound encoded vectors
(CSI, CRI) , (CS2, CR2) , and so on, retrieval of the trace to test stimulus SCis determined by a “similarity” principle. That is, the test stimulus
SC, encoded as CS4, is matched successively or in parallel to the encoded stimulus members of the traces located in the relevant parts
of the storage system. That trace whose encoded stimulus best matches
CSCis retrieved (provided the match score exceeds a criterion) and
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the response vector of this trace is sent to the motor-output unit.
Suppose that this were indeed the retrieval process. If the information in the encoded stimulus CS1 is perfectly retained, then stimulus S1
always will retrieve the (CS1, CR1) trace. But retrieval errors will occur
if the components of the stimulus members are themselves subject to
forgetting. I n this case, the encoded test stimulus CS1 would be compared to the degraded forms of CSl, CSZ, . . , and a better match may
possibly result for an incorrect stimulus. In such cases, the trace that S
retrieves would lead to a response best described as a “stimulus generalization” error. The over-all retrieval process when K traces are effective in the relevant memory bank (through which the search is
done) is identical in form to the process described in Section IV,D,
for multiple-choice recognition tests with K alternatives, except that
in the latter case the comparison and matching operations are carried
out on the response rather than the stimulus members of the pairs.
The likelihood of retrieving the correct trace will vary with (a) the
number of alternative traces to be compared, (b) the rate of forgetting
stimulus information, and ( c ) the similarity of the encoded representations of the various stimuli. Let w ( K , t ) denote the probability that
the correct trace, as degraded at time t, is retrieved out of a store
holding K traces, and let q denote the probability of correct recall when
a trace with an incorrect stimulus member is erroneously retrieved ;
then the modified recall probability would be

.

+

c’(t>= w ( K Jt)c(t> [l - w ( K J

(54)

In this expression, C ( t ) is the previous value calculated when retrieval
was assumed to be perfect (that is, Eq. 4), w(K,t ) is the retrieval
probability, comparable to Eq. 18, and C ’ ( t ) is the correct response
probability when retrieval effects are considered.
Two immediate consequences of Eq. 54 may be mentioned. First, over
the course of a short-term memory experiment, K will begin at or near
zero and increase as more items are introduced, arriving at some stable
asymptote dependent on the net forgetting rate ; correspondingly, the
correct retrieval probability w(K,t ) will decline, and so will C ‘ ( t ) as a
consequence. Thus, immediate recall of the first item in the experiment
should be highest, with progressively poorer immediate recall of the second, third, and so forth, item in the series, until K reaches its equilibrium value. Such changes in C ’ ( t ) over the experiment have been
reported by Keppel and Underwood (1962) and Loess (1964). Second,
an abrupt change, in mid-experiment, in the nature of the items to be
remembered (as, to a different set of letters) will increase the effective
d in Eq. 18, causing an abrupt increase in the correct retrieval proba-
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bility in Eq. 64. Thus, the f i s t few items after the shift in materials
would have higher retrieval and recall probabilities. This effect has been
reported by Wickens, Born, and Allen (1963). Both of these effects
were interpreted by the experimenters in terms of the accumulation
and release of proactive interference; they are interpreted here in terms of
changes in the probability of retrieving the correct memory trace. Although the vocabulary used differs, there is in fact very little difference
between the two interpretations (proactive interference versus retrieval
difficulty) in this instance.
2. Item Recognition

This simple matching scheme may be applied also to the item recognition task introduced by Shepard and Teghtsoonian (1961). In their
experiment, S viewed a long series of items (three-digit numbers), half
of which were repetitions of items presented earlier. For each item S
judged whether or not it had occurred previously ’(was “old”). Conceived in terms of the present model, the successive items 11, I z , . . ,
would be encoded and stored as compound vector traces, denoted Cl1,
CIz, . . . , and these traces would decay as previously assumed. For S
to decide whether a freshly presented item is old or new, it would be
supposed that its encoded representation would be matched successively
to the CIj’s in the memory store, and the comparator would report
back the maximal match score so obtained. The probability distribution of the maximal match scores would be di5cult to derive, but its
mean value would clearly be greater for old than for new items, and
would also be greater the larger the number of active traces in the store.
To make a decision, the maximal match score obtained in a given
scan of the memory store would be compared to an adjustable criterion, with the “old” decision arising if the score exceeded the criterion. Such a system would show a decline in recognition rate with
time (or intervening items) since a target item was put into it. The
system would also show an increasing false alarm rate as the experimental series proceeds, since the more traces in the memory store to be
compared to the current (new) item, the greater on the average will
be the maximal match score obtained, thus leading to a (false) positive judgment with appreciable probability. Such were the results reported by Shepard and Teghtsoonian (1961).Furthermore, once steady
state has been reached (that is, once the average number of effective
traces reaches equilibrium), if an item is falsely called old upon its
first presentation, it is more likely to be called old on its second presentation than would be an item called new on its first presentation.
That is, the similarities between the former item and other items in

.
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the store that caused it to be called old upon its first presentation are
likely to persist and boost the probability of its being called old again
the second time, even though its encoded representation in memory
may be forgotten. Such conditional effects of the first response upon the
second response to an item have been found in experiments by Melton
(cited in Bernbach, 1964). Detailed mathematical investigations of the
proposals for this task have not been undertaken, but simulation by
Monte Carlo runs could easily be carried through.

3. Noncued Recall
Finally, consider noncued recall tasks, which can be either restricted or unrestricted in order of recall. Examples of the first would
be a digit-span test or the single-trigram recall procedure of Peterson
and Peterson (1959) ; an example of the second is free verbal recall of a
list of words (Murdock, 1962), where the words may be recalled in any
order. Since many different lists and tests are given successively in the
typical experiment, it is clear that in retrieval 8 must be guided by
temporal cues, essentially selecting only items from the most recent list.
It is clear that Ss can make such temporal discriminations with fair
accuracy (see Yntema & Trask, 1963), but the present theory must be
expanded before it can account for such phenomena.
Such temporal discrimination among memory traces could be carried
out by several methods. One approach would assume that an “arrivaltime tag” of some sort is one of the pieces of information stored along
with a memory trace. Temporal discrimination among traces would
then use only the information provided by this time-tag component.
An alternative hypothesis is to suppose that the storage system itself
has an inherent means for keeping track of the order of arrival of
incoming information.
An example of a simple device that preserves temporal order of item
arrivals is a “push-down list,” wherein’ a newly arriving item is placed
on the top of a memory list and is the first encountered. A familiar
analog is the spring-loaded plate holder commonly found in cafeterias,
which operates on a “last in, first out” principle. Consider using such a
device to represent storage of temporal recency and spatial-order information in the Peterson and Peterson (1959) task. The S is presented with a series of nonsense trigrams, counting backward and recalling each one after it is presented. The representation would consist
in three push-down lists, one for each of the three letter positions.
The notion of using a separate list to store the letter in each position is
essentially the hypothesis Conrad (1965) proposed to deal with confusions and misorderings in serial recall from short-term memory. To
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illustrate these concepts, suppose the first four trigrams presented (and
then recalled) are XYZ, FLP, DUX, and MLS, in that order. Then
the push-down list in memory after presentation of the fourth trigram
could be represented as in the accompanying tabular array.
Letter position
1

2

3

The C(X) notation denotes the encoded vector of information corresponding to X. Since forgetting degrades the memory vectors to an
extent depending on their time in memory, the vectors lower down
on the list will usually contain less information than those higher up.
Recall of the most recently presented item is provided by retrieving
the top “plate” of the stack. Its integrity for aiding recall would depend on how much degradation of this vector had occurred during the
counting-backward activity that followed its input. Such a device could
also perform in recalling items a t a constant lag back in time; for
example, upon presentation of item n, store it, then recall item n - j .
The processor would simply count down j deep into the stack, retrieve
that vector, and output whatever was possible (if anything) on the
basis of its degraded information. Recall accuracy, of course, would decline rapidly with the lag j and with the size (complexity) of the experimental items. Slight errors in the count backward would produce
recall of items adjacent to the one j back. Such results were reported
by Mackworth (1959) and have been repeated in unpublished experiments by the author. Furthermore, if two previously presented items
were shown on a test trial, the device could do a creditable job a t
recognizing which item had occurred more recently in the past. This
could be done by its noting the location on the list a t which each test
item obtained its maximal match score, and then choosing as more
recent that one higher up on the list. Forgetting, causing loss of information, would introduce error into locating the items in question,
and more so the more components forgotten. Thus, accuracy of judging
the more recent of two items would decline as the items grew older in
memory. Such results seem qualitatively in line with those reported by
Yntema and Trask (1963) for recency discrimination. Again, Monte
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Carlo simulations would be needed to investigate further implications
of the system.
Turning finally to free recall, the evident complexities of that process
prevents any simple hypotheses. Various potent factors have been identified in determining whether a word will be recalled and in what order;
such factors include list length, study time, serial position, inter-item
associations, word clustering, and approximation of word order to English text. Moreover, over successive practice trials in recalling the same
list of words, it is clear that 8s subjectively organize the items into
idiosyncratic patterns, presumably using clusters that facilitate carrying out a systematic search through memory that will retrieve most
of the items (Tulving, 1962). We are unable to suggest any sensible
retrieval scheme that, in conjunction with the present memory system, would begin to make contact with the complexities of free recall
data. The obvious candidate-simply sampling traces from the store
and “dumping” them out in recall-gives a gross approximation for
some purposes (such as serial position curves, cf. Atkinson & Shiffrin,
1965; Bower, 1964) , but it ignores too many of the potent determinants
of such recall.
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